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3D magnetic imaging using electron vortex beam
microscopy
Frank Barrows 1,2, Amanda K. Petford-Long1,2,3 & Charudatta Phatak 1✉

Electron vortex beams are free-electron waves that carry orbital angular momentum. There

has been growing theoretical and experimental interest in the use of electron vortex beams as

a tool for the investigation of magnetic materials. However, due to the complex wavefront of

the propagating waves, a deeper understanding of the interaction of electron vortex beams

and the magnetic sample is needed. Here we calculate the magnetic phase shift that an

electron vortex beam obtains upon transmitting through a magnetic sample. We show that

this magnetic phase shift is influenced by the out-of-plane magnetization, which is a unique

characteristic of incident electron vortex beams and is proportional to their orbital angular

momentum. Finally, we develop a phase retrieval methodology to retrieve the out-of-plane

component of magnetization. Based on our theory, we discuss suitable experimental condi-

tions that would enable this imaging capability for magnetic materials and further extend to

non-magnetic chiral materials.
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The properties of magnetic materials are governed by the
spatially varying three-dimensional spin texture within the
material, which in turn is determined by the local energy

landscape. Thus, in order to design and control the properties of
new magnetic materials, it is particularly important to determine
the three-dimensional map of the magnetization within magnetic
materials1–3. For example, there are a growing number of mag-
netic systems wherein a three-dimensional view of the magneti-
zation is essential, such as Bloch skyrmions4,5, hopfions6, and the
magnetic spin structures in structured three-dimensional
nanomagnets1,7. Understanding the three-dimensional magneti-
zation distribution of such systems is important both for basic
science and for applications.

Currently, most microscopy methodologies are limited to ima-
ging in two dimensions, leaving some components of the magnetic
field invisible. In the case of surface-sensitive techniques such as
magneto-optical Kerr microscopy, atomic force microscopy, and
X-ray photoemission electron microscopy, the magnetization inside
the sample is inaccessible8–10. Transmission electron microscopy
(TEM) remains the highest spatial resolution technique that can be
used to reconstruct the components of the magnetic induction
within and around a sample11,12. Lorentz TEM and electron
holography are both techniques that enable reconstruction of the
magnetic field, i.e., magnetic induction. Thin-film TEM samples can
be considered to have an in-plane component and an out-of-plane
component of magnetic induction in the sample. The in-plane
component is in the plane of the film (the xy-plane) and perpen-
dicular to the direction of propagation of the electron beam down
the microscope column (the z-axis). The out-of-plane component is
perpendicular to the film and parallel to the direction of propaga-
tion of the electron wavefront.

Currently, there are only a few TEM-based techniques that can
be used to reconstruct the out-of-plane component of the mag-
netic induction in a sample, such as magnetic circular dichroism
and holographic vector field electron tomography13–16. Magnetic
circular dichroism is not widely adopted as the magnetic signal is
detected in reciprocal space and producing spatially resolved
maps requires specialized instruments including parallel beam
illumination and electron energy loss spectroscopy. All other
existing methodologies require acquiring a series of images with
the sample at different tilt angles. As such, there are no techni-
ques to image in real space the component of magnetization
parallel to the incident beam and thus there are no techniques
amenable to in situ experiments wherein the sample or beam
cannot be tilted. The acquisition of a tilt series is tedious and thus
not suitable for irreversible or stochastic processes, including
magnetic phase transitions, furthermore a tilt series can be
strongly influenced by diffraction contrast and is unsuitable when
the sample is tilted into the magnetic field of the microscope lens
in order to apply an external magnetic field across the sample17.
Often times when performing in situ experiments, especially with
samples requiring complicated experimental setups, e.g., liquid
Helium cooled skyrmions18, the sample holder does not allow the
acquisition of a tilt series. High-resolution imaging of the out-of-
plane component of magnetization would have a range of
applications, notably in the study of the out-of-plane magneti-
zation in candidate spintronic and quantum computing
materials19,20 such as skyrmions and skyrmion-based
systems21,22.

The advent of electron vortex beams (EVBs) provide an
opportunity to develop tools to explore the spin structure of
magnetic materials. Electron vortex beams are electron beams
with a topologically non-trivial helical wavefront that carry orbital
angular momentum (OAM). EVBs are of growing theoretical and
experimental interest in their own right23–26, and they have
potential applications to the study of topological spin textures in

magnetic materials, for example through their use in electron
energy loss magnetic chiral dichroism27, via their interaction with
magnetic fields through the Zeeman effect28, through an OAM
dependent focal length29, through elastic scattering in EVB-based
scanning transmission electron microscopy(STEM)30,31, via
manipulating magnetic nanoparticles32, and for determination of
magnetic chirality33 or crystal chirality34,35. These beams have
been realized experimentally by a number of means, including
diffraction gratings24,25,36, optical vortex beams37, screw
dislocations38, magnetic monopoles39–41, and artificial spin ices42.
As the use of EVBs to characterize magnetic materials increases
there is a need to develop a model that describes their interaction
with realistic magnetic samples, i.e., samples with inhomogeneous
magnetization; without such a model it is challenging to ensure
that resulting images can be correctly interpreted. Previous work
has demonstrated that EVBs gain a unique phase shift resulting
from the out-of-plane magnetic induction due to a non-trivial
OAM43; this can be understood as resulting from the helical
wavefront wherein the electron beam has a component perpen-
dicular to an out-of-plane magnetic induction, Bz43–45. These
analyses have focused on measuring the total phase shift but have
not reconstructed an image of the out-of-plane component of
magnetization. Further, these analyses have focused on the
interaction with a uniform value of Bz, such that the magnetic
vector potential, A, is described by a simple analytical expression,
namely the symmetric gauge46. Currently, a general understanding
of the electron phase shift imparted to topologically non-trivial
wavefronts from the arbitrary magnetic fields in a realistic mag-
netic sample is lacking. Further, examining the phase of the EVB
at the image plane in a TEM instrument, i.e., in the far-field, is
non-trivial. There are numerous methods to model the contrast
present in a defocused TEM image due to the phase shift imparted
to the electron beam through interaction with the sample, i.e.,
Fresnel contrast47–49. Unfortunately, the existing methods fail
when both the intensity and the incident angle of the beam vary
across the specimen, as in the case for EVBs47,50.

Here we present a general approach to calculate the magnetic
phase shift imparted to an EVB by an inhomogeneous magnetic
field. We then simulate the Fresnel contrast in experimentally
realizable TEM images. Finally, we describe a method to recover
the magnetic phase shift from a set of images recorded using the
EVBs. This work generalizes phase-reconstruction methodologies
to topologically non-trivial wavefronts and has practical appli-
cations for Lorentz TEM, enabling a three-dimensional study of
magnetic materials at the nanoscale. Our work goes beyond
previous investigations to study magnetic samples that have
magnetic induction, B, with significant in-plane and out-of-plane
components and that varies in orientation throughout the sample.
Finally, we develop a phase-reconstruction methodology and
demonstrate that the Fresnel contrast can be used to reconstruct a
real space image of the out-of-plane component of the magnetic
induction.

Results
Model for electron vortex beams. EVBs that have been physi-
cally realized in TEM are Laguerre Gaussian (LG)
wavefunctions51. The LG wavefunctions propagate along and
form a hyperbolic surface around the optic axis, the z-axis24. The
LG wavefunctions, Ψ that we have studied are characterized by
the wavefunction:43,52

Ψ ¼ r
wðzÞ

� � lj j
L lj j
n

2r2

wðzÞ2
� �

e
�r2

wðzÞ2þ
ikr2
2RðzÞ

� �
ei lϕþkzð Þe�i 2nþjljþ1ð ÞΞðzÞ ð1Þ

where k is the wavevector along the z-axis, r is the radius and ϕ is
the polar angle in the xy-plane, and the direction of propagation
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is in the positive z-direction down the transmission electron
microscope column. L lj j

n are the generalized Laguerre polynomials
with radial quantum number n and OAM quantum number l.
w(z) is the radius of the beam, defined as wðzÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2z�2

R

p
,

and w0 is the radius of the beam when the EVB is narrowest,
when z= 0, i.e., the beam waist. zR is the Rayleigh diffraction

length, for the non-diffracting LG waves, zR ¼ kw2
0

2 , and RðzÞ ¼
z 1þ z2r z

�2
	 


is the radius of curvature of the wavefronts. The
Gouy phase, which is an additional phase shift of focused LG
waves, is characterized by ΞðzÞ ¼ atanð zzrÞ. Similar to previous
experimental investigations24,25,53, our work here focuses on
EVBs with n= 0. The intensity of the EVBs is annular in the xy-
plane, and the radius of this annulus increases for larger quanta of
OAM. The intensity does not depend on the sign of the OAM,
but the LG wavefunction does propagate with a chiral wavefront
which depends on the sign of the OAM.

In magnetic materials with an inhomogeneous magnetic
induction, the corresponding magnetic phase shift imparted to
the electron beam is influenced by the spatial variation of both the
magnetic field and the EVB and we have set out to incorporate
these effects into our model through the Aharanov Bohm (AB)
effect54,55. The AB effect describes the total phase shift, φ(r)tot, of
an electron wavefunction as a function of the electromagnetic
potential in the sample along a path integral55,56. It is worth
noting that when the electrons are not strongly scattered from the
sample it is appropriate to use a semi-classical path integral:57

φðrÞtot ¼
π

λE

Z
L
VðrÞ dl � e

_

Z
L
AðrÞ � ω̂dl ð2Þ

Here the integration occurs along the direction of electron beam
path given by the unit vector, ω̂ and along the curve l, the semi-
classical path that an electron travels along, and E is the total
energy of the electron. V and A are the electrostatic and magnetic
vector potentials, respectively, and each contributes to one of the
two components of the total phase shift, namely the electrostatic
phase shift, φE and the magnetic phase shift, φm. The focus of our
investigation is the magnetic phase shift, φm, however, even in a
purely magnetic sample there is a contribution to V from the
sample, which is referred to as the mean-inner-potential.

In our investigation, we first demonstrate the phase shift the
electron vortex beam obtains in magnetic fields analytically. We
then use this information to determine the optimal conditions to
maximize the signal in the TEM images and to motivate our
reconstruction algorithm. We then demonstrate our reconstruc-
tion algorithm on simulated TEM images of several magnetic
samples which is performed using a combination of micro-
magnetic and finite-element simulations.

Semi-classical beam paths of electron vortex beams. In order to
determine the magnetic phase shift imparted to an EVB we first
need to determine the probability current in the vortex wavefront.
This allows us to identify the semi-classical beam paths, which are
then used to calculate the phase shift from the line integral in Eq.
(2). Probability currents, j, were calculated and used to construct
semi-classical beam paths58,59, see Supplementary Note 1 and 2
for details. We arrived at a time-dependent coordinate repre-
sentation of the electron beam paths:

xðs; τÞ ¼
w0

ffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1

p
cosðτÞ

w0

ffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1

p
sinðτÞ

cs

8><
>:

9>=
>; ð3Þ

where s ¼ _k
zrme

t, c= zr, and τ ¼ l
2 atanðsÞ, and me is the relativistic

electron mass. t is time, and here an initial position at t= 0 is on

the beam waist, rðt0Þ ¼ x0; y0; 0
� �

. The expressions in Eq. (3) are
hyperbolic trajectories that rotate around the optic axis. These
hyperbolic trajectories diverge away from the beam waist, and
wind in the xy-plane due to the non-trivial OAM. We have
determined the semi-classical beam paths so that we can examine
the magnetic phase shift that arises from the AB-effect, as detailed
in the next section.

Calculating the magnetic phase shift. In this section we discuss a
method to calculate the magnetic phase shift imparted to an EVB
by a magnetic sample, and in the next section we will discuss the
electrostatic phase shift. As an example, we investigate the mag-
netic phase shift, φm(r), from a known magnetic vector potential,
A, using the beam paths described in Eq. (3). We investigated the
phase shift resulting from a uniformly-magnetized spherical fer-
romagnetic nanoparticle of radius 20 nm, which is centered on
the optic axis at the beam waist, z= 0. A nanoparticle that is
uniformly magnetized in the z-direction is characterized by the
vector potential:60

Aϕ ¼ μ0
3
M0r sinðθÞ ð4Þ

where the magnetic vector potential is given in spherical coor-
dinates defined by θ as the azimuthal angle, ϕ as the polar angle
and r as the radius. Aϕ is the nonzero component of the vector
potential, μ0 is the vacuum permeability, M0 is the magnetization
and r is the radial distance such that r < ρ0, where ρ0 is the radius
of the nanoparticle. The magnetization is rotated away from the
z-axis by an angle ν around the y-axis such that there is a com-
ponent of the magnetization in the xy-plane61. This is shown
schematically in Fig. 1a where we investigate nanoparticles with
two different orientations of magnetization: ν ¼ π

6 and ν ¼ 5π
6 .

The magnetic phase shift was found from Eq. (2), using a rotated
vector potential (see Supplementary Note 3 for the rotated vector
potential) and the EVB paths inside the sphere. As our investi-
gation has focused on reconstructing the phase shift in TEM
resulting from magnetic fields in ferromagnetic materials, the
dominant contributions to the magnetic phase shift are due to the
magnetization within the material61. The path integral is para-
meterized in time, from −t1 to t1, which correspond to the times
when the EVB is incident on and exits the nanoparticle, respec-
tively. The magnetic phase shift separates into two distinct
components due to the in-plane and out-of-plane components of
the magnetization, as discussed in the Supplementary Note 4.
Rewriting ξ ¼ �e

_
μ0
3 M0 these two components of magnetic phase

can be simplified to:

φmxy
¼ ξ

_k
me

yt


t1

�t1

sin ν ð5aÞ

φmz
¼ ξ

_l
me

t


t1

�t1

cos ν ð5bÞ

The total magnetic phase shift is then the sum of the phase shift
resulting from the out-of-plane and in-plane components of
magnetic induction, φm ¼ φmz

þ φmxy
. The limiting ratio of the

phase shift resulting from Bz and from Bxy can be found:

φmz

φmxy

¼ l
ky

cotðνÞ ð6Þ

The ratio of φmz
to φmxy

is important; in order to map the out-of-

plane component of magnetization, φmz
needs to be sufficiently

large so as to be detected and separated from the typically larger
value of φmxy

. From Eq. (6) this ratio can be seen to depend
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linearly on the OAM and inversely on both the distance along the
y-axis at which the phase is measured and on the wavevector k,
which corresponds to the electron beam energy. In Fig. 1b the
ratio of φmz

to φmxy
for the two configurations of the nanoparticle

are shown in the solid and dashed lines, respectively, at an
electron energy of 200 kV.

The y-dependence appears in Eq. (5a) because the nanoparticle
was located at the beam waist and rotated around the y-axis, and
thus the distance along the y-axis is, in effect, a measure of the
radius of the beam waist perpendicular to the magnetic field. The
ratio of φmz

to φmxy
is larger closer to the optic axis, which is

apparent for small values of w0 in Fig. 1. At smaller values of r,
the beam paths wind tightly around the optic axis, and thus the
beam path has a larger component that is perpendicular to Bz.

For the uniformly-magnetized sphere, the ratio of φmz
to φmxy

can be increased by centering the sample along the optic axis,
(thus ensuring the distance from the optic axis is minimized),
increasing the magnitude of the OAM, or by decreasing the beam
energy. Notably, φmz

depends on the sign of the OAM, while φmxy

does not.
Using Eq. (5a) and Eq. (5b) we calculated the magnetic phase

shift imparted to an EVB with OAM of 100 by a uniformly-
magnetized nanoparticle when ν ¼ 5π

6 . The φmxy
and φmz

are

shown in Fig. 1c, d respectively. We neglected the annular
intensity in order to reconstruct the phase shift across the entire
nanoparticle. φmxy

agrees well with the calculated magnetic phase

shift reported in the literature61.φmz
appears to resemble the out-

of-plane component of magnetization, which is largest at the
center of the nanoparticle and is circularly symmetric. This
demonstrates that φmz

and φmxy
in an EVB can be calculated using

the AB-effect. In the next section we build upon this work to
present a method for computing images formed from EVBs.

Fresnel microscopy with electron vortex beams. To simulate
images we first simulated the magnetic field in and around a
magnetic sample using micromagnetic simulations and then
calculated the magnetic phase shift from the simulated magnetic
induction along the beam paths by using the finite element
method (FEM), as described in the Methods Section. We
demonstrate the accuracy of this method by comparing the
analytical results for the magnetized nanoparticle with a simu-
lated nanoparticle, see the Supplementary Note 5 for details of
our implementation. Once the magnetic phase shift is calculated,
the total phase shift was determined by adding the electrostatic
phase shift calculated from the scalar potential V, representing the
mean inner-potential of the sample. The electric phase shift
imparted to an EVB can be calculated as φE= σVτ where σ is the
interaction constant dependent on the accelerating voltage of the
electron microscope (0.00728 rad V−1 nm−1 at 200 kV) and τ is
the thickness of the sample. This simplification is valid when the
paraxial Helmholtz approximation holds and when the sample
has a uniform composition.

We simulated the TEM images generated from EVBs in order
to demonstrate phase reconstruction of an arbitrary out-of-plane
magnetization. When the paraxial Helmholtz approximation
holds, the Fresnel contrast visible in a defocused image is
described by11:

I ¼ aΨeiφmeiφE � TðrÞ
 2 ð7Þ

where a is the amplitude of the beam due to the presence of the
sample and accounts for the loss of electrons as they are scattered
outside the acceptance angle of the TEM projection lenses, Ψ is
the EVB wavefunction incident on the sample, and T(r) is the
transfer function that is convolved with the exit wavefunction11.
The transfer function determines the defocus of the wavefunction
at the image plane, and thus the Fresnel contrast in the image. In
the simulations below, the sample sits below the beam waist, and
thus the EVB is divergent and not strongly diffracting. Images are
obtained from EVBs with small beam waists so as to increase the
relative contribution of φmz

, Supplementary Note 5 describes how
φmz

was simulated. Schematics of these conditions and the
simulated TEM images are shown in Fig. 2.

In Fig. 2, the beam divergence and the helical wavefronts in an
EVB are shown by the cone and colored paths, respectively: the
color indicates the winding phase. The divergence of the beam is
exaggerated in Fig. 2. In our simulations, the size of the beam
waist and the distance between the sample and the beam waist are
chosen so that the beam divergence is negligible within the
thickness of the sample. In Lorentz-mode TEM, an objective
mini-lens, OML, is used to focus the beam from the sample plane
to the image plane. Figure 2a shows a beam focused without a
sample present, and the intensity in the image plane is shown in
(a.ii). As can be seen, the conditions in (a.i) lead to the formation
of an annular beam. To implement a reconstruction algorithm of
the phase shift from an arbitrary magnetic induction, B, near-
uniform illumination across the simulated image is needed.
Inversion algorithms to reconstruct the magnetization require
spatial coherence of the illuminating beam62,63. Thus, single
images of EVBs are currently not well suited to a real-space
reconstruction of the magnetization across the entire field of view.

Fig. 1 The phase shifts from the in-plane and out-of-plane components of
magnetization in a nanoparticle. a Schematic of a uniformly-magnetized
nanoparticle, with M the magnetization and ν ¼ π

6 is the angle the
magnetization is rotated away from the z-axis. The magnetic phase shifts
due to the out-of-plane and in-plane components of magnetization are
indicated by φmz

and φmxy
, respectively. b Plot of the ratio of φmz

to φmxy

imparted to the electron vortex beam (EVB) from a uniformly magnetized
sphere rotated around the y-axis by π

6 (solid lines) and 5π
6 (dashed lines).

Different quanta of orbital angular momentum (OAM) are shown along the
horizontal axis. Colors correspond to EVB paths with beam waists of w0.
Plots of φmxy

(c) and φmz
(d), which are the phase shift due to in-plane and

out-of-plane magnetic induction, Bxy and Bz, respectively, in an EVB with
OAM of 100. The phase shift per Tesla, mradT−1, is normalized to the
magnetic induction in the nanoparticle; the colors correspond to the phase
shift per Tesla shown along the y-axis.
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To achieve this our images are a summation of images, each
acquired at a different position along the z-direction, and in each
exposure a different portion of the sample is illuminated. The
position along the z-direction would be adjusted experimentally
by moving the beam crossover-point with respect to the sample
plane, which is accomplished by changing the current of either
the condenser lens (CL in Fig. 2), i.e., adjusting the beam spread,
or the spherical-aberration corrector if present64. Thus Eq. (7) is
modified to include the distance from the beam waist to the
sample, zn:

I ¼ ∑
N

n
aΨðznÞeiφmeiφE � TðrÞ
 2 ð8Þ

Figure 2b, c show images of a uniformly-magnetized nanoparticle
with a 20 nm radius, obtained using Eq. (8) and an EVB with
OAM=80. The simulated images shown in Fig. 2b.ii, c.ii are both
sums of 50 different images with the distance from the beam
waist to the sample plane ranging from 200 nm to 100 um. The
objective lens defocus is constant for all images that contribute to
the series, in Fig. 2 b.ii, c.ii the OML defocus is 0 nm and 500 nm,
respectively. Notably, in Fig. 2b.ii, c.ii there is decreased intensity
at the corners of our simulations. This apparent four-fold
symmetry is due to the finite size of our simulations and the

four corners of the simulated area, as a portion of the beam path
is outside of the simulation, and thus the beam paths are poorly
defined at these corners.

Phase reconstruction. In this section, we discuss the develop-
ment of a phase-reconstruction approach to determine the phase
shift due to the out-of-plane component of the magnetic induc-
tion. Our method is similar to the transport-of-intensity equation
(TIE) approach developed by Teague et. al.65, used to reconstruct
the in-plane magnetization from the Fresnel contrast in a
through-focal series of images. The key to our method is to utilize
the dependence of the sign of φmz

on the sign of the OAM; the
symmetry of this phase shift in EVBs with opposite OAM is
utilized to overcome the challenge of reconstructing the phase of
an EVB using the TIE66,67. First, the analytical form of the
wavefunction in the image plane needs to be determined; see the
Supplementary Note 6 for a derivation of the image intensity I.
While keeping all non-negligible terms up to second order in the
objective lens defocus, Δf, and to second order in the electron
wavelength, λ, the image intensity is given by the equation:

I ¼ a2jΨj2 þ jΨj2 λΔf
4π

�2∇
!

? � a2∇?φtot

	 
� 2a∇?a �
2kr
RðzÞ r̂ þ

2l
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2jlj
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r̂ � 4r

wðzÞ2 r̂
� �

� 2a2
2jljk
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2

4π
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�
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We can further simplify the image intensity by accounting for the
multiple exposures which produce an image, this is discussed in
Supplementary Note 7. Here, Θ0 is the beam divergence angle. In
Fresnel-mode imaging with EVBs Θ0 and Δf range from sub-
milliradians to milliradians and nanometers to sub-millimeters,
respectively. φtot depends on φm and φE, and φm depends on both
φmz

and φmxy
. To isolate φmz

, we use images from two EVBs with

opposite OAM, such as 100 and − 100, taken at the same defocus.
Subtracting these two images gives:

I�lðr; z;Δf Þ � Iþlðr; z;Δf Þ ¼ jΨj2 λΔf
π

2al
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Eq. (10) depends primarily on φmz

as contrast from the out-of-
plane component of the magnetization will be additive upon
subtracting the two images, while most of the contrast from the
in-plane magnetization distribution and electrostatic phase shift
should disappear. In Eq. (10) there is a contribution to the image
contrast from the in-plane magnetization and from the electro-
static phase shift when it is multiplied by the OAM. To investigate
the out-of-plane magnetization component we need to adjust our
working conditions such that the in-plane magnetization and the

Fig. 2 A schematic of Fresnel contrast obtained from electron vortex
beams. a.i, b.i and c.i schematics of the electron vortex beam (EVB) and
electron beam configuration for three different defocus conditions. The EVB
waist sits above the sample, so the beam is semi-convergent at the sample
plane. The EVB waist is adjusted by the condenser lens (CL). The EVB
divergence and the helical wavefronts are shown by the cone and colored
paths, respectively: the color indicates the winding phase. The image focus
is adjusted by the objective mini-lens (OML), which appears on a screen
shown as the green plane. a.ii An in-focus image of the EVB without a
sample. b.i An in-focus image of an EVB and a nanoparticle sample, in order
to obtain near-uniform illumination across the image, the simulated
transmission electron microscopy (TEM) image in b.ii is a composite of
multiple exposures, each acquired by adjusting the beam crossover-point
and thus performing a longitudinal scan of the electron vortex beam over
the sample. c.ii A defocused image of an EVB and a nanoparticle sample
obtained by summing a series of images. In b.ii and c.ii the image is
composed of multiple exposures obtained while adjusting the relative
distance between the beam waist and the sample.
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electrostatic phase shift do not contribute significantly to the
image contrast. As discussed in the Supplementary Note 7, this
can be achieved when the working conditions satisfy the fol-
lowing relation:

Δf
w2
0
� r

2jljλ
∇2

?φmz

∇ϕφmxy
þ ∇ϕφE

ð11Þ

As the electrostatic phase shift can be large compared to the
magnetic phase shift, the phase reconstruction is optimized for
homogeneous and flat samples wherein ∇⊥φE would be negligible.
In applying this condition in experiments, it is important to
balance experimental conditions with useful information from the
sample when r is very small, thus this condition may not be
satisfied within a few nanometers of the beam waist, but this may
be tolerable in a sample 10’s of nanometers in size. We discuss
below simple experimental methods to minimize the effect of the
in-plane magnetization and the electrostatic potential.

Assuming that the microscope and beam conditions satisfy Eq.
(11), or the simpler restriction for an unknown φm that Θ0Δf

	 
2
is small compared with λΔf, then the contrast when taking the
difference of images from two EVBs with opposite OAM can be
approximated to depend solely on the out-of-plane
magnetization.

Eq. (10) is written for a single image, but it can be generalized
to data generated from multiple images, i.e., the images described
by Eq. (8). In the implementation detailed below, the first, second
and third terms within the first bracket of Eq. (10), which
depends on λΔf, are neglected. The first term within the brackets
can be neglected when ∇⊥a is negligible, i.e., when the amplitude
is nearly uniform and the sample thickness does not vary
significantly. We require that the lengthscale over which the
amplitude varies is less than the lengthscale over which the out-
of-plane magnetization varies, such that ∇?a � ∇?φmz

and

ð∇?a
2Þ � ∇?φtot � ∇2

?φmz
. The second and third terms are

negligible as discussed in Supplementary Note 7. Similarly the
second bracket of Eq. (10), which depends on ðΘ0Δf Þ2, can be
neglected when Eq. (11) is satisfied. Further the first and third
terms in the second brackets are independently negligibly small,
as discussed in Supplementary Note 7. We find that these
approximations are justified when the gradient in the phase shift
is much smaller than 0.1 rad ⋅ nm−1. These simplifications are
valid in these simulations, and so Eq. (10) is rewritten:

∇
!

? � Iþlðr; z;Δf Þ þ I�lðr; z;Δf Þ
2

∇?φmz
ðr?;Δf Þ

� �

� π

λ

Iþlðr; z;Δf Þ � I�lðr; z;Δf Þ
Δf

� � ð12Þ

Here the illumination of the electron beam is uniform across the
image and we have averaged the two defocused images to
approximate the modulus of the amplitude; the limitations of this
approximation will be discussed below. This approximation is
valid when Δf≪ d2/λ where d is the characteristic lengthscale
over which the phase shift varies in the sample, as discussed in the
Supplementary Note 7. This modified OAM-based TIE (OAM-
TIE), Eq. (12), is a partial differential equation that can be used to
solve for the phase shift.

We detail an alternative method to remove the contrast due to
in-plane magnetization and the electrostatic potential in Eq. (10),
for example when it is not possible to satisfy Eq. (11). By
acquiring a pair of defocused images from EVBs with opposite
OAM at opposite signs of defocus, i.e., two images I+l(r, z,− Δf),
I−l(r, z,− Δf), it is possible to remove all terms from Eq. (10) that
depend on Δf2, and thus effectively remove the contribution of
Θ0. An alternative OAM-based TIE optimized for when Eq. (11)

is not satisfied is given by:

∇
!

? � Iþlðr; z; Δf Þ þ I�lðr; z; Δf Þ þ Iþlðr; z; �Δf Þ þ I�lðr; z; �Δf Þ
2

∇?φmz
ðr?; Δf Þ

� �

� π

λ

Iþlðr; z; Δf Þ � I�lðr; z; Δf Þ � Iþlðr; z; �Δf Þ � I�lðr; z; �Δf Þ	 

Δf

� �

ð13Þ
The difference of images obtained when the microscope is over-
and under-focused helps isolate the contrast due to the out-of-
plane magnetization. On the left-hand side of Eq. (13) the average
of images is again used to approximate the amplitude of the
sample. We note that Eq. (13) is not well suited for in-situ
experiments wherein matching overfocused and underfocused
images can be difficult to obtain.

Application of the phase reconstruction. Here we implement
the OAM-based TIE phase reconstruction detailed above to
reconstruct the φmz

from two different samples. First, we tested
our reconstruction algorithm on the two Permalloy (Ni.8Fe.2)
magnetic nanoparticles discussed above. In Fig. 3a, b line plots of
the simulated φmxy

and φmz
for OAM of ± 20 and ± 100 are

shown, respectively. In Fig. 3, the magnetic phase shift from
nanoparticles with the out-of-plane magnetization oriented along
the positive and negative z-directions are indicated with ↑ and ↓,
respectively. The plotted phase shift agrees well with the expected
phase shift shown in Fig. 1c, d. As expected, φmz

depends on the
sign of OAM in the EVB. Interestingly, φmxy

does not depend on

the sign of OAM when l= ± 20 but it does when l= ± 100, as
seen by comparing the solid and dashed black lines in Fig. 3a, b.
This is a result of a non-negligible contribution to the phase shift
when l= ± 100 due to the in-plane magnetization and the in-
plane component of the helical beam paths when the sample is far
from the beam waist. This means that the assumptions used to
arrive at negligible φmxy

in Eq. (10) is only valid for a certain range

of OAM values. Thus we expect Eq. (12) and (13) to be valid for
an OAM of ± 20, but not for an OAM of ± 100. This is discussed
in more detail in the Supplementary Note 8, including a discus-
sion of the parameter space in which Eq. (10) is valid.

The larger φmz
seen in Fig. 3a, b compared with that seen in

Fig. 1 results from using a narrow beam waist. The phase shift
was determined for an EVB with a beam waist of 0.5 nm, which
has been experimentally realized53. The phase shift and simulated
images were created from sums of 100 different images with
distance from the beam waist to the sample plane ranging from
10 nm to 100 μm. When implementing Eq. (12) the objective lens
defocus was 50 nm, and when implementing the alternative phase
reconstruction algorithm in Eq. (13) the objective lens defocus
was 0.1 μm due to the weaker restriction of Δf.

Images used in the reconstruction were simulated with all three
components of phase shift ðφmz

;φmxy
;φEÞ, but assuming ideality,

the OAM-TIE approach will enable us to reconstruct φmz
.

Figure 3c.i shows the simulated φmz
for an EVB with OAM=20,

imparted by a nanoparticle with magnetization directed along the
negative z-direction (ν ¼ 5π

6 ) (indicated by superscript ↓) in gray-
scale, this is the ground truth φmz

. Figure 3c.ii-iii shows the
reconstructed phase shift, indicated as φR, obtained using Eqs. (12)
and (13), respectively. Images obtained using EVBs with OAM=+
20 and −20 were used to implement the phase reconstruction,
Eq. (12), the implementation of the phase reconstruction is
discussed in the Methods Section. Figure 3d.i–iii show the simulated
φmz

and reconstructed phase shifts, respectively, for a nanoparticle
with magnetization directed along the positive z-direction (ν ¼ π

6)
(indicated by superscript ↑) imaged with an EVB of OAM of ± 20.
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The reconstruction reproduces the orientation of the φmz
as is

evident when comparing Fig. 3c, d. There is quite good agreement
between the reconstructed and simulated φmz

for an EVB with
OAM=20, showing that φmz

can be isolated and reconstructed
using the OAM-TIE method.

The OAM-TIE approach accurately reconstructs the φmz
, as seen

by comparing Fig. 3c.ii, c.iii to c.i, ((d.ii), (d.iii) to (d.i)). We note that
errors in the reconstructed phase in (c.ii) and (d.ii) are due to the in-
plane magnetization and the electrostatic potential. The in-plane
magnetization produces a slight dark to light gradient across the
reconstructed phase while the electrostatic potential enhances the
contrast from the edge of the sample. These effects are present in the
reconstruction as the sample had significant in-plane magnetization
and variation in sample thickness, and thus the effects of φmxy

and φE
could not be removed even when working with a small defocus of
50 nm. Comparing (c.ii) to (c.iii) ((d.ii) to (d.iii)) demonstrates the
advantage that acquiring overfocused and underfocused images
provides when working with samples that are not flat and which have
significant in-plane magnetization. Noticeably, there is variation of
the reconstructed phase outside of the nanoparticle, most apparent in
(c.ii) and (d.ii), this is standard noise seen in reconstructions using
the transport of intensity Eq68.

Figure 3e.i–iii show the simulated φmz
and reconstructed phase

shift, respectively, for a nanoparticle with magnetization directed
along the negative z-direction imaged with an EVB of OAM of
100. The reconstructed phase in (e.ii) does not resemble φmz

, and
varies from positive to negative values across the reconstruction.
Thus the reconstructed phase resembles the known φmxy

, seen in

Fig. 1c. This is a result of the dependence of φmxy
on the sign of

the OAM when l= ± 100, as discussed above, and thus φR is a
combination of the phase shifts resulting from both the in-plane
and out-of-plane components of magnetic induction. Similarly in
comparing Fig. 3f.i, ii the reconstructed phase resembles the φmxy

.

In contrast (e.iii) and (f.iii) reconstructs φmz
well, though we note

there is an asymmetric halo around the nanoparticle, we believe
this is due to the in-plane magnetization, as discussed in
Supplementary Note 8. Finally, we note that the circular
symmetry of the magnetization contributes to the close
correspondence between the simulated and reconstructed mag-
netic phase shifts; this is discussed in Supplementary Note 9.

We estimate the amount of time required to collect an image
with sufficient signal to enable the reconstruction of the phase
shift due to out-of-plane magnetization for the simulated
nanoparticle. We assume a Gaussian noise distribution, and the

Fig. 3 Simulated phase shifts from a magnetic nanoparticle and implementation of the OAM-based transport-of-intensity equation (TIE). a and
bMagnetic phase shifts from the in-plane component and out-of-plane component of magnetization, φmxy

and φmz
, from a simulated Permalloy nanoparticle

with orbital angular momentum (OAM) l= ± 20 and l= ± 100, respectively. The nanoparticle is oriented with the out-of-plane magnetization in the
negative z-direction, indicated with the ↓ superscript. The phase shifts, φmz

, and reconstructed phase shifts, φR, for the nanoparticle and shown in
c, d, e, and f. Columns (i), (ii), and (iii) correspond to the simulation of the φmz

, the phase reconstructed from images obtained at a single defocus value,
and the phase reconstructed from both overfocused and underfocused images; phase indicated by the color bars. c Phase shifts for electron vortex beam
(EVB) with OAM=20 imparted by a nanoparticle with out-of-plane magnetization in the negative z-direction (↓). d Phase shifts for EVB with OAM=20
imparted by a nanoparticle with out-of-plane magnetization in the positive z-direction (↑). e Phase shifts for EVB with OAM =100 imparted by a
nanoparticle with out-of-plane magnetization in the negative z-direction (↓). f Phase shifts for EVB with OAM=100 imparted by a nanoparticle with out-of-
plane magnetization in the positive z-direction (↑).
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signal-to-noise ratio (SNR) can be written as SNR ¼ �N=
ffiffiffiffi
�N

p
where �N is the average number of electrons per image pixel69.φmz

corresponds to a milliradian phase shift which varies across tens
of nanometers, thus from Eq. (9), the contrast due to φmz

should
be 104 to 106 times smaller than the vortex beam intensity,
depending on the defocus of the image, ranging from 10 μm to
100 nm, respectively. As we would expect from Fig. 1, this is
roughly 1000 times less intense than the contrast due to φmxy

,

though notably sub-milliradian phase shifts have been resolved by
electron holographic techniques while utilizing low current
TEM70. To resolve φmz

, the SNR needs to be less than the ratio
of the phase shift to the beam intensity by at a minimum a factor
of 271. Thus, assuming ideal conditions of beam current and
coherence, a TEM with a conventional 1 nA probe current would
require between 10 s and 1000 s of total exposure across a 16-
megapixel camera for a defocus of 1 μm and 100 nm, respectively.
The lower estimate of acquisition time is comparable to most
TEM imaging. Thus each exposure in a longitudinal scan,
wherein the EVB illuminates a portion of the frame, would
require between a 0.1 s and a 10 s exposure.

The second example on which we tested the OAM-TIE
reconstruction approach consists of a 180 × 180 × 20 nm3 region
of a ferromagnetic material that contains a stripe domain
structure, representing a patterned square of a Co/Pd multilayer
thin film with a perpendicular magnetic anisotropy72,73. The in-
plane and out-of-plane components of the magnetic induction are
shown in Fig. 4a, b respectively. The orientation of the in-plane
magnetic induction is indicated with the color wheel in (a),
whereas the out-of-plane magnetic induction is shown in
grayscale in (b). In Fig. 4 the positions of the domain walls are
indicated with red dashed lines. Using conventional Lorentz TEM
imaging the reconstruction of the magnetization would resemble
Fig. 4a and the out-of-plane magnetization in these domains
would be invisible.

In Fig. 4c the simulated phase shift resulting from the out-of-
plane component of magnetic induction for an EVB with OAM of
± 20 is shown. As the chiral nature of the EVBs causes the

magnetic domains in φmz
to appear warped, φmz

shown in (c) is
the average of the phase shift of EVBs with opposite chirality to
make the domains easier to see. Therefore, the phase shift in (c) is
ðφl

mz
� φ�l

mz
Þ=2. φ�l

mz
is multiplied by −1 as EVBs with opposite

chirality will obtain a negative sign. The EVBs used to form the
images had the same parameters as discussed above. The shift of
the bright and dark domains relative to the red dashed lines at the
edge of the samples, most noticeable at the corners, is an artifact
of our simulation, see the Supplementary Note 5 for a further
discussion of the origin of this artifact.

In Fig. 4d, e the reconstructed phase determined using Eqs.
(12) and (13) are shown, respectively. Images used in the
reconstruction were simulated with all three components of phase
shift ðφmz

;φmxy
;φEÞ. The reconstructed phase in Fig. 4d, e both

reproduces the general shape of the out-of-plane magnetization in
the stripe domains in (b) and closely resembles the magnetic
phase shift in (c). Comparing (d) and (e), we note the
reconstructions are quite similar, which suggests that the phase
reconstruction can be performed without obtaining both under-
focused and overfocused images. We believe the differences
between Fig. 4d, e are primarily due to the center of the vortex
beam where there is little intensity, which is difficult to remove
without comparing overfocused and underfocused images.

Discussion
In our investigation we have shown that the OAM-TIE approach
can be used to reconstruct φmz

. In particular, φmz
can be recon-

structed when the EVB parameters are such that the φmz
depends

on the sign of OAM, but the φmxy
does not. Most importantly, by

modeling the expected magnetic phase shift, the parameter space
in which this is true can be identified based on calculating the
φmxy

and φmz
, as we have done in Fig. 3a, b. Furthermore,

examining Fig. 4b, d it is apparent that our phase reconstruction
is able to isolate the phase shift resulting from the out-of-plane
component of magnetic induction in a sample with multiple
magnetic domains. Thus the OAM-TIE method is able to

Fig. 4 Reconstruction of the phase shift resulting from the out-of-plane magnetic induction in a simulated sample with multiple domains. a The
direction of in-plane magnetic induction, Bxy, indicated by the color wheel. b Out-of-plane magnetic induction, Bz, shown in gray-scale normalized to the
magnetic saturation, indicated by the color bar. c Simulated magnetic phase shift due to the out-of-plane component of magnetization, φmz

, in an electron
vortex beam (EVB) with orbital angular momentum (OAM) = ± 20; phase indicated by the color bars. d Phase shift reconstructed, φR, for EVB with
OAM=20 obtained at a single defocus value. e Phase shift reconstructed for EVB with OAM=20 obtained using both overfocused and underfocused
images.
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reconstruct the local variations in out-of-plane magnetization
that are otherwise inaccessible to reconstruction methodologies.

Thus, the OAM-TIE enables the reconstruction of a full field of
view, and when coupled with the conventional TIE should be able
to isolate the three-dimensional magnetization across a sample.
The constraints on the spatial resolution of EVB based magnetic
reconstruction will be comparable to conventional Lorentz TEM,
up to 2 nm in dedicated machines74, and thus EVB based
microscopy will be a powerful technique to image the real space
out-of-plane component of magnetization. Furthermore, the
OAM-TIE can be implemented in most electron microscopes, as
it does not necessitate a specialized STEM mode or a fast in-situ
camera. Additionally, compared to STEM-based techniques that
quantify the magnetic flux through the electron vortex beam,
including electron vortex beam holography and interferometric
based approaches46,75, the OAM-TIE should provide better spa-
tial resolution by acquiring a full field reconstruction of the
magnetic phase shift. Further, holography and interferometric
based techniques require a reference wave, whereas the OAM-TIE
in principle does not and can be implemented anywhere across a
sample.

Further work is needed in order to quantify the out-of-plane
component of the magnetization from the reconstructed mag-
netic phase shift, currently only the phase shift resulting from the
out-of-plane component of magnetization can be reconstructed
quantitatively. A source of error in the OAM-TIE is approx-
imating the in-focus image by the average of two defocused
images with opposite OAM. This was done to minimize artifacts
from the multiple exposures in a single image, but it introduced
errors due to the presence of Fresnel contrast from the φmxy

and
may introduce experimental errors when the paraxial Helmholtz
approximation is not perfectly satisfied and the Gouy phase
introduces non-negligible contrast. Future work should focus on
implementing the OAM-TIE with an in-focus image, which may
minimize these errors. Additionally, in arriving at Eq. (12) we
neglected spatial variation in the amplitude of the wavefunction,
but in samples with varying thickness there will be a non-
negligible gradient in the amplitude. While we were able to
implement OAM-TIE on a nanoparticle, accounting for variation
in the amplitude is required to fully generalize this work. Further,
developments in phase reconstruction methodologies that can be
implemented on images obtained without fully illuminated fields
of view, such as a single EVB acquisition, could enable an OAM-
based real space reconstruction of the magnetic phase shift at
individual positions during a transverse scan of the electron
beam. A transverse scan of the EVB would be amenable to
standard STEM workflows and would likely minimize sources of
experimental error such as variations in the beam position,
including beam drift, while enabling the reconstruction of the
magnetization at the center of the vortex.

Conclusion
We have developed a generalized method to simulate the phase
shift imparted by a magnetic sample to an electron vortex beam
and introduced a phase retrieval algorithm for reconstructing the
phase shift resulting from the out-of-plane component of mag-
netic induction. This has implications for the study of magnetic
materials as well as the study of electron vortex beams. We have
shown both analytically and numerically that electron vortex
beams with non-zero OAM gain a magnetic phase shift from an
out-of-plane magnetization. Finally, we demonstrated our phase
retrieval algorithm for experimentally realizable conditions and
identified advancements in the design of EVBs, particularly nar-
row beam waists, that will enable more robust implementations of
EVB based phase microscopy. By establishing a methodology to

reconstruct the out-of-plane component of magnetization a
complete reconstruction of the magnetization in a magnetic
material is possible in combination with conventional Lorentz
TEM. Further work is needed to generalize this work to chiral
materials wherein the electrostatic phase shift may depend on the
sign of the OAM.

Methods
All simulations were implemented using the finite element method (FEM); in the
FEM a mesh space composed of simplices is built to solve partial differential
equations. The FEM was used to simulate magnetic materials, calculate the mag-
netic phase shift in the EVB, and implement the phase reconstruction algorithm.
Magnetic materials were simulated using the micromagnetic package Finmag76.
The magnetic ground state for the magnetic samples was found by relaxing the
magnetic configuration from an initial in-plane or out-of-plane magnetization, the
magnetic nanoparticle was modeled with a magnetic saturation of 3.8 × 105 Am−1,
an exchange stiffness of 8.7 × 10−12 Jm−1, while the thin film was modeled with a
magnetic saturation of 8.6 × 105 Am−1, an exchange stiffness of 1.3 × 10−11 Jm−1,
and a Dzyaloshinskii-Moriya interaction of 4 × 10−3 Jm−2. In the nanoparticle
simulations, a mesh space of 70 × 70 × 20 elements was used, representing a
90 × 90 × 50 nm3 space. In the thin film simulations, a mesh space of 70 × 70 × 20
elements was used, representing a 180 × 180 × 50 nm3 space. Our simulations were
performed such that there was sufficient vacuum space around the sample that
Dirichlet boundary conditions were implemented on all the mesh boundaries.

Modeling the phase shift and implementing the phase reconstruction algorithm
were performed using the FEniCS package77, the simulated magnetic fields were
interpolated directly into a FEniCS mesh space. The magnetic phase shift of the exit
wavefunction was determined along the calculated electron beam paths as dis-
cussed in the Supplementary Note 5, and the beam path was determined using Eq.
(3). For the nanoparticle, the magnetic phase shift was calculated at 20 partitions
along the z-axis of the rectangular mesh of 70 × 70 × 20 elements, each was pro-
jected into a 256 × 256 mesh representing a 130 × 130 × 2.5 nm3 space. For the thin
film, the magnetic phase shift was calculated at 20 partitions along the z-axis of the
rectangular mesh of 70 × 70 × 20 elements, each was projected into a 512 × 512
mesh representing a 380 × 380 × 2.5 nm3 space. We implemented Dirichlet
boundary conditions on all the mesh boundaries as the phase shift at the bound-
aries of the mesh is negligible.

The total phase shift was determined by adding to the magnetic phase shift the
electrostatic phase shift, the electrostatic phase shift was calculated by projecting
the thickness of the sample along the z-direction to determine the thickness τ, and
the scalar potential V was 25 V12,78. The phase reconstruction was performed by
implementing Eq. (12) using defocused images which were interpolated into a
256 × 256 mesh representing a 256 × 256 nm2 space. A mask 5 nm in diameter was
applied to the center of the images to minimize artifacts due to the lack of intensity
along the optic axis, and Dirichlet boundary conditions of zero phase shift are set
on the edge of the images.

Data availability
The data that support the findings of this study are available from the corresponding
author upon reasonable request.

Code availability
The codes used for simulations that support the findings of this study are available from
the corresponding author upon request.
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