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A variety of precise experiments have been carried out to establish the character of the superconducting state in Sr,RuO,. Many of
these appear to imply contradictory conclusions concerning the symmetries of this state. Here we propose that these results can be
reconciled if we assume that there is a near-degeneracy between a d,z_y2 (B4 in group theory nomenclature) and a g, 22 (Azg)
superconducting state. From a weak-coupling perspective, such an accidental degeneracy can occur at a point at which a balance
between the on-site and nearest-neighbor repulsions triggers a d-wave to g-wave transition.
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INTRODUCTION

Sr,RuO4 (SRO) should be the poster child for the theory of
“unconventional” superconductors: it is a clean, stoichiometric
crystalline material, it settles into a Fermi liquid “normal state” in a
range of temperatures, T, that extends roughly a factor of 20
above the superconducting (SC) T, the normal state fermiology is
well established, the SC transition is sharp and of mean field type,
and there is no doubt that the SC state is unconventional in the
sense of a sign-changing order parameter with a mean equal to or
near 0 along the Fermi surface’™. Of all the currently known
unconventional superconductors, SRO is the one in which a
Bardeen—Cooper-Schrieffer (BCS)-like weak coupling mean-field-
theory treatment is most easily justified, meaning that the
microscopic “mechanism” of superconductivity should be well
defined. Instead, a large number of careful experiments have led
to a set of observations that cannot be accounted for even at the
scenario level by any current theory—25 years after the first
phenomenological theories®®, we are still debating the symmetry
of the SC order parameter”.

Indeed, some sets of observations almost appear to be mutually
contradictory: the evidence’™® of time-reversal symmetry breaking
(TRSB) in the SC state is difficult to reconcile with the existence of
gapless nodal lines in the quasiparticle spectrum'®'®. The
evidence of a two-component SC order parameter'®'” is difficult
to reconcile with the lack of singular T. dependence on symmetry
breaking strain'® or in-plane magnetic field'®. The evidence of
triplet (odd parity®®) pairing is difficult to reconcile with the
evidence of singlet pairing from nuclear magnetic resonance
(NMR)?"?? and from the fact that the in-plane critical field appears
to be Pauli-limited'®.

It is always possible that some set of experimental observations
are misleading—perhaps they reflect an extrinsic effect or have an
alternative interpretation that has not been considered. Here we
will take various observations at face value and attempt to
construct a phenomenological scenario that can reconcile as
many of them as possible. To do so, we have introduced a single
“fine-tuned” assumption—that SRO happens to be close to a
multi-critical point at which two symmetry-distinct pairing
symmetries are degenerate—in particular, a d,>_,> (B14 in group
theory nomenclature) and a g,,2_,2) (Ayg) state. As we will discuss

later in the paper, even with this assumption, there are some
observations that either require a more complete theory to
interpret (i.e., the interpretation does not follow simply from
general symmetry considerations) or an alternative interpretation
of the experiment.

The article is organized as follows: by way of introduction, we
outline the primary experimental facts we have in mind. Those can
be considered the axioms of our phenomenological theory. In the
“Results” section, we first set forward the Landau-Ginzburg theory
describing a near-degeneracy between a d-wave and a g-wave SC
state and discuss some features of the resulting phase diagram.
Next, we briefly address other features of the phases and phase
transitions at a level that would be expected from a BCS-type
treatment of the problem; while these considerations could
straightforwardly be extended to include the effects of a realistic
treatment of the multi-band character of the SRO fermiology, here
we offer a stripped-down discussion that focuses on qualitative
aspects of the problem. In particular, we explore the specific heat
signatures of the various transitions expected in the theory.
Finally, in the “Discussion” section, we discuss some of the
experimental observations that are not immediately accounted for
by our scenario. This particularly concerns reconciling our
proposal with the observed Kerr signal, which requires including
considerations of explicit breaking of spatial symmetries and
effects of disorder. Moreover, in the “Results” section, we allude to
proposed future work that could more seriously take account of
specific microscopic aspects of SRO and thus could lead to further
avenues for comparing theory with experiment. We conclude by
discussing some possible experiments that could critically test the
applicability of our proposed scenario.

RESULTS

Experimental “facts” in SRO

There have been a remarkably large number of extremely careful
experiments carried out to explore the character of the SC state in
SRO. We will focus on a subset of these—that we will accept as
experimental facts with clear implications.
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There is a single SC transition with a well-defined T, and the
transition is largely mean-field like. This inference follows
from the fact that the transition as seen in transport and in
magnetization is sharp, and the specific heat shows a sharp
mean-field-like anomaly at T.. There is no indication of
hysteresis (as could happen if the SC transition were first
order), significant regimes of fluctuation SC above T, or any
glassy feature of the SC transition®.

The SC phase is “unconventional”, that is, the SC order
parameter changes sign in such a way that when averaged
over the Fermi surface it is approximately zero. This
inference follows ref. * from the extreme sensitivity of T,
to non-magnetic disorder, i.e., T. — 0 when the elastic mean-
free path, £, approaches the clean limit SC coherence length,
& (The existence of nodal quasiparticles, discussed below,
constitute additional evidence of unconventional pairing).
To a high level of precision, there are gapless nodal
quasiparticles along line nodes that are more or less
perpendicular to the Ru-O plane, ie, they extend along the
tetragonal c-axis. This follows from the low temperature
behavior of the specific heat and from the low-temperature
thermal conductivity'®. Recent scanning tunneling microscopic
(STM) studies further corroborate this conclusion'. While the
location (in k -space) of the nodes is not entirely clear, both
the thermal conductivity experiments and the STM results are
strongly suggestive that the line nodes lie along wave vectors
that are at 45° to the Ru-O bond direction, that is along the
tetragonal (1,1,0) and (1,—1,0) directions. If there is ang gap at
the putative nodal points, it has been estimated'>'* that it
must be <10 peV, or <3% of the total gap.

The SC Tce) is a smooth and non-singular function of
symmetry breaking (shear) strain, ¢, near ¢ = 0. In the case in
which a stress is applied along (1,1,0), T. is a weak linear
function of the stress; since by symmetry T. must be an even
function of a purely shear strain, the linear stress dependence
presumably reflects the fact that, in addition to a e, (Byg)
component, the uniaxial stress produces a significant sym-
metric component of symmetric strain (with A;g symmetry) eq.
There is a nearly symmetric variation of T in response to
uniaxial stress along (1,0,0). This suggests that, in this case, the
induced symmetric strain is small and that what is being
observed is primarily the response to a By4 shear strain, ,o_,2.
Local measurements®® (using scanning magnetometry) of T,
versus stress show a quadratic minimum at each location,
Te(e) = Tc(0) + a(e —€)* + ..., where, however, T(0) and &
vary from location to location in the crystal; the variation of €
is, presumably, associated with a random quenched distribu-
tion of local strains. Indeed, an interpretation in terms of
random strain is strongly indicated based on the fact that
some regions of the crystal are seen to have local T.s that are
of order 10% higher than the zero-strain bulk T given the
sensitivity of the SC state to impurity scattering®, if what was
being seen were regions with higher and lower than average
impurity concentration, there would be a sharply defined
maximum T, (associated with all sufficiently clean portions of
the crystal) and then a distribution of more disordered regions
with reduced local T.s. '

Time reversal symmetry is spontaneously broken below a
temperature Ty, that is (in unstrained crystals) approxi-
mately equal to the SC T.. This inference follows directly
from the observation of an anomalous Kerr signal®, and from

"Note that for large strain, €y, there is a large enhancement of T,
(from 1.5 to 3.5 K) near a critical strain, which is thought to be
associated with a Lifshitz transition in the underlying band structure.
The behavior at these larger values of the strain will not be part of the
present discussion.
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muon spin relaxation (uSr) experiments’; it is also consistent
with experiments on the geometry dependence of the
Josephson relation®, although beyond supporting the TRSB,
this last set of experiments is still not fully digested.

On symmetry grounds, equilibrium currents are possible in a
TRSB SC state when not forbidden on the basis of purely
spatial symmetries. This is particularly true for the case of
chiral superconductors that break both time-reversal and
inversion symmetry. Theoretical estimates of how large
these expected currents should be vary greatly depending
on details of the assumed microscopic structure of the state
but initially suggested that they should be detectable by
high-sensitivity magnetic scanning microscopy. However,
careful searches®® for the magnetic fields produced by such
currents have failed to detect any such currents, despite
sensitivity that is at least two orders of magnitude greater
than what would be required to detect the currents implied
by the most straightforward theoretical analysis (based on
an assumed chiral p, + ip, state).

There is a sharp drop in the Knight-shift upon cooling
through T, which continues to the lowest temperatures and
fields that have been probed?'2 While it is still necessary to
pursue this experiment to lower fields (relative to H.,) and
lower T (relative to T.), already the existing observations are
strongly suggestive of a spin-singlet order parameter. The
NMR spectrum shows no evidence of a phase transition
(within the SC state) as a function of strain; given this, results
at high strain (where both H., and T, are greatly enhanced)
can be included in this analysis, making the evidence for
singlet pairing considerably stronger.

There is a discontinuity at T. in the elastic modulus ceg
associated with the shear B,y (ey,) strain, as inferred from
ultrasound experiments'®'”. While the elastic moduli asso-
ciated with A, compressional strains exhibit discontinuities
at all second-order phase transitions, such a discontinuity in
a shear elastic constant is most straightforwardly associated
with a two-component SC order parameter®. This follows
from the requirement that a gauge-invariant bilinear can be
constructed from the order parameter that transforms as xy
under the point group operations—such a bilinear cannot be
constructed for any one-component SC order parameter but
can be constructed for a number of two-component order
parameters. It is also important to note that no discontinuity
has been observed in the elastic modulus associated with
B1g (€x2_,2) strain.

There is new uSr data which shows that for moderate values
of stress along the x-direction (approximately 1 GPa, which
translates to 0.9% of €,2_ strain and 0.3% of €22 strain'’),
that Tyeple) =1.0K is substantially below Tc(e)=1.4K%.
However, the interpretation of this split transition is made
somewhat subtle by the observation that in high-resolution
specific heat measurements, while the critical anomaly at
Tc(e) is still clear and relatively sharp and of the expected
magnitude, no thermodynamic signature of any feature
associated with a transition at Tyb(€) has been detected?’.

Despite a long history of interpreting results in SRO in terms
of a p-wave order parameter (or more technically, an odd parity
order parameter) and of the existence of a variety of other
experimental results that provide circumstantial support to this
idea, we will interpret the new NMR results as ruling this out®.
Focusing on possible singlet (even parity) SC states, consistent
with the tetragonal symmetry of the crystal there is one
possible symmetry-related two-component state, which corre-
sponds to {d;.dy.} (Eg) pairing, and four possible single-
component states, corresponding to dyz_y2 (B1g), Gyy(x2—y2) (Azg)s
s (Aqg) and d,, (Byg).
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We discard the symmetry-related two-component option
(Eg)**" from consideration for two reasons: First, the thermal
conductivity and STM indicate vertical line nodes while these
states have symmetry-protected horizontal line nodes. This is not
entirely definitive, since such a state could have accidental vertical
line nodes as well, but this seems a rather unnatural occurrence.
Second, regarding the non-on-site pairing Eg proposal®, such a
state would have a vanishing pair-wave function for two electrons
in the same Ru-O plane, which seems implausible on theoretical
grounds, given the extreme quasi-two-dimensional (quasi-2D)
nature of the Fermi surfaces. Regarding the local pairing proposal
that involves the multi-orbital nature of the ruthenates®®®', it
would produce a jump in the elastic modulus for both the €,2_.-
and e, type strain, whereas only the latter shows a discontinuity
in experiments. Moreover, there is currently no clearly established
signature of the predicted Bogoliubov-de Gennes (BdG) Fermi
surface that arises in such a state.

Arguments discriminating among the remaining options are
slightly more subtle. The dy2 2 and g,,(,._,») have symmetry-
protected vertical line nodes along the (1,1,0) direction, while for
any of the other cases, such nodes would necessarily be accidental
nodes. It is not yet clear how precisely the observed line nodes are
aligned with this symmetry axis—the more precise the experi-
mental constraints on this, the more solid is the identification of
these as the relevant states.

Having focused on two distinct one-dimensional representa-
tions, the natural next step would be to determine which one is
favored. However, several of the observations summarized above
require a two-component order parameter—specifically 5, 7, and
8. We are thus driven to assume that there is an accidental near-
degeneracy between d,. 2 and g,,,._,2) pairing, i.e., we assume
that SRO happens to be fine-tuned close to the boundary between
a regime in which one of these is dominant and the other in which
the other dominates.

Landau-Ginzburg treatment

Thus, in the following, we will assume that, at zero applied strain,
SRO happens to be tuned to a multi-critical point at which these
two SC states have (nearly) the same T.. Depending on other
details, the SC phase below T, can have various patterns of broken
symmetry. This is most easily explored by considering the
Landau-Ginzburg effective free energy density expressed in terms
of the complex (charge 2e) scalar fields, D and G, that represent
the local value of the pair-fields of the stated symmetries:
?:VO(D,G)+V1(G,D)+K+..A, ()
where V; includes the terms in the effective potential (through
quartic order in the fields) in the absence of disorder, external
strain (i.e, it assumes tetragonal symmetry), and under the
assumption of an exact Z, symmetry between the D and G orders,
while V; includes to quadratic (leading) order in the field terms
related to breaking of this accidental Z, symmetry, as well as the
effects of disorder and externally applied strain (breaking of
tetragonal symmetry), K is a quadratic form in the gauge invariant

gradients of the order parameter, (—iV> — 27)D and
(—iv — 27)6, and ... refers to higher-order terms in powers of
the fields and their derivatives. Specifically,
2
Vo(D,G) =% [|D]” +G]*] + % [|ID]* +16]%] o)
+L 0P - |61 + % [D*G + G*D?
and

h(7)
2

[1D]” - |G*] 7@[D*G+ G*D)

(©)

ho(T)

Vi(D,G) = — P

[ID]* +16]*] —
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Note that V, has an enlarged SO(4) symmetry for the special case
in which y; =y, =0.

Here the principal T dependence is incorporated in a T
dependence of ay, such that it changes from positive to negative
as T drops from above to below T.. The multi-critical point that
serves as the focus point for our analysis arises when h; =0;
otherwise, the mean value of h; encodes the preference for one or
the other form of pairing, with d-wave pairing favored for h, > 0.
Below T, the nature of the SC state is determined by the signs and
relative magnitudes of the quartic terms. To simplify the
discussion, we will consider the case in which y, is positive and
larger in magnitude than the remaining terms. In the uniform SC
state when h; =0, the preferred form of ordering is determined
by the relative sign and magnitude of y; and y,. For y; <0 and y
2> V4, the SC state is either pure d or pure g and thus preserves all
spatial symmetries as well as time-reversal symmetry. The case
that will be of primary interest here is that in which y; >0and y, >
0, so the SC state breaks both time-reversal symmetry as well as
some lattice symmetries; we refer to this as a TRSB SC, and it
corresponds to dyz y2 £ig,y,2_,2) Pairing. Finally, if y; >y, and y, <
0, the SC state breaks various lattice symmetries but preserves
time-reversal symmetry; this is a nematic superconductor, which
has two possible symmetry-related states dy 2 £g,,0_y2),
depending on the relative sign of the two components. Turning
to the terms that appear in V3, hy has the interpretation as a local
T., h, as the local deviation from multi-criticality (i.e. a local
preference for d or g), and h;, has the symmetry of a random local
strain, ,,. Importantly, such a local strain favors one orientation of
the nematic order over the other. In the absence of an externally
applied strain, the configuration (or spatial) average of all the

random fields can be assumed to vanish, h;(7’) = 0, but in the
presence of applied strain,

hi(T) = N eq + /\f‘begeb + ..., 4

where a sum over a is implicit, Aj‘-’ and Aj‘-’b are appropriate
coupling constants, the indices a and b (which are implicitly
summed over) label the components of the strain tensor—which
we decompose according to symmetry as a = s for Aq4 (although
in a tetragonal system, there are properly two distinct compo-
nents of Ay strain), a = (x* — y?) for Byg, and a = xy for Byg, and ...
indicates higher-order terms in powers of the strain. All
components of A7 =0 by symmetry other than Ay, A;, and A
Similarly, all terms in A? = 0 other than the diagonal terms, Ag“
and A7 (for any a), and the off-diagonal term, ASY = AY*. In
other words, there generically is a shift of the mean T, and of the
splitting between the d- and g-wave order that is linear in the
isotropic strain and quadratic in each component of the shear
strain. However, the degeneracy between d,: 2 + g, (,2_,2) and
dx2_y2 — Gyy2_y2) is lifted only in the presence of non-zero By,
strain. The detailed shape and even topology of the resulting
phase diagrams in the T-strain plane depend on the relative
magnitudes of various parameters in the Landau-Ginzburg free
energy; representative phase diagrams as a function of strain
(assuming degeneracy between d and g at zero strain) are shown
in Fig. 1.

When we come to discuss disorder, we will define the root
mean squared disorder strengths, o;, as

1// d? [h,(?) - FI] [hj(a) - Fl} = 6"']0]2 (5)

(where v is the volume of a unit cell). Because the most relevant
disorder is likely that associated with inhomogeneous strain, it
may be important to consider the range of the disorder
correlations as well.

npj Quantum Materials (2020) 43



npj

S.A. Kivelson et al.

non-superconducting non-superconducting non-superconducting
< 1.5 < 15 < 15
g g g
3 =] 3
® 1 g\' d ® 1 d d ® 1li-d=g a+g
Q (0] [0
[=% o Q
£ ) £ ) £
2 05 d+ig 2 05 d+ig & 05 d+ig

-15 0 1.5 -15 0 1.5 -15 0 1.5
é;(z_,.yz é;(z_yz é}y

Fig. 1 Superconducting phase diagram. Schematic phase diagrams as a function of T and various components of the strain. In keeping with
the present scenario, we assume that the D and G wave orders are essentially degenerate at zero strain. All panels were simulated with LG
parameters yo =2, y1 = 1, y, = 0.5. a is for symmetric (A,,) strain. Note that the shape and even the topology of the phase diagram depends on
the relative sign and magnitude of the various couplings AI‘-’ and Aj‘-’b; here, for purposes of illustration, we took

A = —0.086, A? = 0.035, AJ° = —0.025, and AJ“ =0.021, where a=x*+y>. b is for By, shear strain, where the explicitly shown
phase boundaries correspond to /\g‘b = —0.04 and /\?’b =0.028 with b= (x* — y°). cis for B,g shear strain. Here, to linear order in the strain, the
shape of the phase diagram is insensitive to the assumed parameters, here chosen to be Ag© = —0.02, A7 = 0.01, and AS = 0.014, where ¢ = xy.

Quasiparticle properties and BCS considerations

While we are free to normalize the order parameter fields that
appear in the Landau-Ginzburg effective field theory in any way
we like, the same freedom does not pertain when we relate these
fields to the gap parameter that governs the quasiparticle
spectrum. Interpreting the various possible states through the
lens of the BAG equations of BCS mean-field theory, we relate the
gap parameter to the order parameter fields according to

- f — . —

A(K) = € [DFy(K) +€*GFy(K)], (6)
where 6 is the overall SC phase, ¢ is the relative phase between
the d- and g-wave components, and where we normalize the real

dimensionless gap functions Fa(?) so that Max[Fa(?)] =1; thus
D and G are, respectively, the maximum gap in the d- and g-wave

state, respectively. F, can have an arbitrarily complicated s
dependence (depending on microscopic details), so long as they
transform in the desired fashion under the crystalline symmetries.
In keeping with the spirit of the Landau-Ginzburg approach, at
least in a range of T near to T, we can imagine that all the singular
T and strain dependences in the problem are inherited from those
of the order parameter fields, D and G. From here, as usual, it
follows (still assuming the validity of BCS mean-field theory) that
the quasiparticle spectrum is

E(K) = |/ [e(F) 4]+ aF]

where 5(7) is the normal state (Fermi liquid) dispersion.

At the level of BCS mean-field theory, once the values of D(T)
and G(T) are determined, a host of dynamic and thermodynamic
quantities can be computed in the usual way. One particularly
important quantity is the jump in the specific heat at the various
transitions. Consider, for example, the case in which h;>0 and y;,
Y>>0, so that upon lowering the temperature there is first a
transition at T. to a pure d-wave SC state, and then at a lower
temperature, Ty < T, a transition to a dyo_y2 + i9yy(x2—y2) State. If
we assume the simplest possible mean-field dependence of the
gaps

T
D(T) =Doy /1 —= forT<T,
Te
T
G(T) = Goy /1 — for T< Tusp < T,
Tsb
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Heat Capacity Jump (F)

0 0.5 1
nrsb/ Tc

Fig. 2 Specific heat jump. Dimensionless magnitude, F, of the
specific heat jump at Tyg, With Do/Te = 2.5. (F(Tush/Tc) is defined in
Eg. (11).) The lower curve is for the case in which the transition is
from a d-wave t0 a dye_y2 +igy(2_,2-Wave SC; the upper is for a
d-wave to a d,o_,» + is-wave.

the specific heat jump at T. can be expressed as

e 0 ()] -2 s

and the specific heat jump at T, as

ACtrsb ( GO )2 2 Acsc < G0 >2 (Tc>2 (Ttrsb DO)
= Ee) (|Fq| A(2)) = — | F ,—
Ttrsb p( F) <| g| ( )> Te Trsb Dy Te 'Tc

Trsb
(am

where (f) and [[f]] signify, respectively, the average of f over the
Fermi surface and over the Brillouin zone,

A(Z):/OOL :E DO _Ttrsb
o cosh’VxZ+22’ 2 Tugp T’
Ed(?) is the dispersion in the pure d-wave SC state, and F is a
dimensionless function defined implicitly in Eq. (11).

In Fig. 2, we have computed F as a function of T./T. for a band
structure corresponding to nearest-neighbor hopping on a square
lattice with a mean electron density n = 1.38, per site and assumed
F, have the simplest forms consistent with symmetry, F4 =
(1/2) [cos(ky) — cos(ky)] and Fq = (3v/3/4) sin(k,) sin(ky)[cos(k)
—cos(ky)], and a typical mean-field value of Dy/T.=25. For

comparison, we have performed the same calculation for the case
in which the second-order parameter is a simple s-wave, F; — F;=1.

(10)

(12)
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It is striking that the specific heat jump is much smaller for the
transition to the d -+ ig state, and especially so the smaller Ty/Te.
There are several contributing factors to this. First, because the d-
wave gap grows so singularly with decreasing temperature below T,
the total remaining entropy in the system is rapidly reduced relative
to that in the normal state—this effect would apply for any “second”
transition in the SC state. However, the effect is particularly dramatic
due to the fact that the g-wave gap also has nodes in the one region
of the Fermi surface that remains ungapped (nodal) in the d-wave SC
state. Thus the density of thermally excited quasiparticles is only
slightly (further) reduced upon entering the d + ig—TRSB phase.

A plausible scenario

The set of experimental observations that we have enumerated
above have, for some time, seemed difficult to reconcile with each
other. With the assumption that SRO is tuned close to the
conjectured multi-critical point, much of this seeming difficulty is
readily eliminated. For h; = 0, there is a single SC transition, and the
SC state is unconventional, in keeping with points 1 and 2. The SC
order is even parity, spin-singlet pairing, consistent with point 6.
Because both the d- and the g-wave components of the order
parameter are odd under any spatial transformation that exchanges
k. and k,, consistent with point 3, the existence of nodal lines in the
quasiparticle spectrum along the (1,1,0) direction is protected by
symmetry, even in the TRSB SC phase; this is distinct from the case
for any other order parameter symmetries that have been considered
to date. Importantly, at the assumed multi-critical point, the d- and g-
wave components of the order parameters behave like a two-
component order parameter with precisely the requisite relative
symmetries to account for point 7. Specifically, the bilinear formed of
Biy and Ay, order parameters is of the B,y representation, thus
producing a discontinuity in g at T.. This scenario also provides a
natural explanation for why no discontinuity is seen in (c;; — ¢;2)/2—
the B, 4 elastic modulus—since such a bilinear cannot be formed. This
is in contrast with other two-component SC order parameters, such
as dy;,, O py,, states, where a discontinuity in (c1; — ¢;2)/2 is expected
in general, and the lack of experimental evidence for such a
discontinuity would have to be explained away in some other way.

Since T, appears to be most strongly sensitive to By strain, it is
important to stress that no singular non-analytic changes in either
Tc or Tysp as a function of €,._,» are expected. The principal effects
of strain of this symmetry are analytic (i.e, quadratic) strain
dependences of hy and hy. There is no general reason for one sign
of the effect, but both empirically and based on microscopic
considerations related to the proximity of one band to a Lifshitz
transition point, it is clear that hy (and hence T.) must be a strongly
increasing function of [e,2_,2]°. It is also reasonable to assume on
microscopic grounds that h, is an increasing function of [exz,yz}z,
since the fact that the g-wave gap function vanishes at the van-
Hove points implies that proximity to the Lifshitz transition likely
favors d-wave over g-wave pairing. Consequently, as shown in Fig. 1,
we expect that T, — Tyg, ~ +[exz,yz}2 and that for T.> T> Ty,
there is a d-wave-like SC followed by a lower T transition to a TRSB
SC with dye_y2 + igyy2_,2y-wave-like order. (Strictly speaking, in
the presence of shear strain, the SC state should be classified by
the representations of the orthorhombic point group, which is
why we refer to the states as “d-wave like” and “g-wave like”). This
all is broadly consistent with point 8.2

2The lack of an observable signature of Ty, in the specific heat is a
quantitative issue that will need further investigation. However, as we
have shown, the fact that the nodal structure of the dyz 2 + ig, 22
SC is the same as for the pure d-wave SC leads to a significant
reduction in the expected size of the specific heat jump at Ty
Moreover, effects of random strain can be expected to broaden and
further reduce the magnitude of any specific heat signature of Tp.
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The TRSB in the SC state discussed as point 5 is consistent with
the present scenario so long as we assume all y; > 0. Precisely at
the point at which the two orders are degenerate, the onset of
TRSB would occur simultaneously with T, consistent with present
observations. However, as is exhibited in the various schematic
phase diagrams in Fig. 1, any strain is expected to drive the system
away from this fine-tuned condition, resulting in a phase diagram
in which T. > Ty, consistent with point 8. The fact that one set of
the g-wave nodes coincides with the d-wave nodes means that
the specific heat jump at the transition from a pure d-wave SC to a
dy2y2 +ig,,2_,2) state is significantly reduced, which may
partially account for the fact that no signature of Ty, has yet
been observed in specific heat measurements. (Note, in a regime
in which the higher T transition is to a pure g-wave SC, one would
expect a stronger thermodynamic signature of the lower
temperature transition to the d,._,» + i9,,(x>—y2) State since one
set of g-wave nodes would be gapped below Tip.

There is good reason to expect small or even vanishing
equilibrium currents in this state. Since the SC order of a d,>_,> +
igyy(x2—y) State preserves parity, it is non-chiral, i.e., the associated
Bogoliubov bands have zero Chern number. Thus there is no
topological reason to expect edge currents. Moreover, the fact
that reflection through a mirror plane perpendicular to the (1,1,0)
direction is respected even in the dy y2 +ig,,2_,) State is
sufficient to establish that edge currents must vanish at any
surface that respects this symmetry.

However, despite these successes, one is hard-pressed in the
context of the present scenario to simultaneously account for a
portion of the observations in point 4 (no non-analytic ¢,, strain
dependence of T in the limit of vanishing stain). To account for this
in a consistent fashion, we invoke the effect of weak disorder that is
equivalent to random local strains. Note that, while it is an
established fact that the relevant materials are, to an extraordinary
level of approximation, nearly perfectly crystalline, with normal state
mean-free paths in excess of 1um (point 2), long-wave-length
disorder (i.e, strain disorder) does not make much contribution to
determining the mean-free path and is not expected to lead to a
substantial reduction of T, even in an unconventional SC. Indeed, as
discussed in point 4, there is some direct experimental evidence of
the existence of the presence of random strain®>.

There are several different scenarios that can (at least roughly)
reconcile the remaining observations by incorporating the effects
of weak, random strain—that is to say non-zero o; as defined in Eq.
(5). We plan to address this issue in a forthcoming work. In
general, for the same reasons discussed in ref. > in the context of
an assumed two-component p-wave order parameter, such
disorder rounds out any non-analytic cusp-like strain dependence
of T.. The easiest limit in which to illustrate this is one in which the
random strains are very long range correlated, so one can think of
the system as consisting of essentially macroscopic regions with
different strains. In any region with a non-zero value h;, the
accidental degeneracy between d and g is lifted, so even a local
measurement of T, versus strain would see analytic dependence.
In regions with approximately zero h;, but non-zero h,, a cusp
would be expected in the ¢,, dependence of T. measured locally.
However, even in this case, the global onset of superconductivity
would be determined by the point at which SC regions percolate,
which would have no such cusp.®> One would also expect strain
disorder to further reduce both the magnitude and the sharpness
of any thermodynamic signature of the transition to the TRSB
state in the case in which T, is measurably larger than Ty,

3The scanning superconducting quantum interference device
measurements of ref. 2> establish that, even locally, the dependence of
Tc on €, strain is quadratic, and such experiments have not been
carried out for e, strain.
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Aspects of a microscopic picture

Because the normal state of SRO is a good Fermi liquid, and because
the SC phase transition appears to be mean-field like, it makes sense
to think about the mechanism of SC from a weak-coupling BCS
perspective. Various studies using an asymptotically exact weak-
coupling approach to the problem taking into account only on-site
interactions have found that the SRO band structure is conducive to
SC states with p-wave symmetry and d,»_,.-wave symmetry*3 3%,
Similar conclusions have been drawn on the basis of a random phase
approximation ansatz>> and multi-orbital functional renormalization
group studies, which better account for the strong antiferromagnetic
fluctuations seen in neutron scattering experiments on SRO***”. In all
cases, the pair-wave function approximately vanishes on site, thus
avoiding the effects of a repulsive on-site Hubbard U. Given the
uncertainty concerning the correct relative magnitudes of the various
interactions, and the intrinsic issues concerning the applicability of
such approaches to real materials (where interactions are never
weak), even though the p-wave instability is often found to be
dominant, it would be difficult to argue strongly on purely theoretical
grounds which of these is preferred. However, as far as we know, no
previous study of SRO has found indication of a significant tendency
to pairing in a g-wave channel.

However, in a related study, the effect of a repulsive nearest-
neighbor repulsion, V, on the character of the weak coupling SC
for the Hubbard model on a square lattice was analyzed®®. In the
range of doping in which the dominant pairing instability is in the
d(x2_y2) channel at V=0, there is a transition to a g-wave state for
V greater than a critical value, V. ~ U?o(Ef). This is natural in the
sense that the pair wave-function in the g-wave state not only
vanishes on-site but also on any pair of nearest-neighbor sites.
Thus, for V=V, precisely the sort of accidental degeneracy we
have invoked arises. (We are currently in the process of extending
this analysis to the case of the SRO band structure (in
preparation).) Alternatively, even though probably more contrived
than the latter microscopic reasoning, a proximity of d,>_,»)-wave
and g-wave pairing propensity had been found in an effective 2D
electronic model inspired by the ruthenates, which was assumed
to be subject to three-dimensional phonon coupling®®.

Another important insight from the weak coupling approach
concerns the form of the gap function. All such calculations®*>54%2
indicate a tendency toward pair-wave functions with substantially
more complex structure than the minimal functions we considered
above. In fact, deep gap minima not required by symmetry arise
ubiquitously in such studies. Such “accidental near-nodes” were
invoked in earlier attempts to reconcile p, +ip, and d +is SC states
with experiments that suggest the existence of line nodes. The
possibility of dy>_,> + is pairing near a point of accidental degeneracy
of the two ordering tendencies has been considered previously in the
context of iron pnictides** and more recently in the context of SRO**.
While in our present scenario, there are symmetry-protected true line
nodes even in the dyz_y2 + ig,,(,2_,2) SC phase that would be absent
inits d2_,» + is-wave cousin, it is possible that further structure of the
gaps could be invoked to produce near-nodes at the requisite
locations (We also plan to address this in future studies (in
preparation)).

DISCUSSION
Experimental issues that require further study

One of the strongest pieces of evidence for TRSB is the onset of
the Kerr effect. On symmetry grounds, the Kerr effect vanishes in
any state that does not break time-reversal symmetry and all
vertical mirror plane symmetries. While a dye_y2 +igyy2_,2) SC
breaks time-reversal symmetry, it preserves mirror symmetry
through the planes perpendicular to (1,1,0) and (1,—1,0). Since the
Kerr measurements are performed in an experimental geometry
that likewise preserves these mirror symmetries, the proposed
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state, by itself, cannot account for the observed Kerr signal.
Disorder, especially the sort of strain disorder we have already
invoked, generically breaks these mirror symmetries (but not time-
reversal symmetry). Consequently, we conjecture that the
observed Kerr measurements are likely consistent with the present
scenario, but this is an issue that deserves further analysis.

A variety of other experimental observations need to be
addressed. Evidence of triplet pairing has been adduced from
experiments on 214/113 strontium ruthenate heterostructure
tunneling®™, of odd-parity pairing from phase-sensitive Josephson
tunneling®®, of horizontal line nodes from field-dependent specific
heat measurements®®, and of half quantum vortices from cantilever
magnetometry®’. All these observations pose some challenge to be
reconciled with our ansatz and thus deserve further analysis and
revisiting from both an experimental and a theoretical viewpoint.

Proposals for future experiments

Because the proposed degeneracy between d and g is accidental,
it is not plausible that it would turn out to be exact under
conditions of zero strain and zero disorder. Thus we would expect
there to be a small but non-zero splitting between T, and Ty,—
however, if this is small, it might be difficult to detect under
circumstances in which the root mean square variance of hg or h,
(0 or 04) produce variations of T. and Ty, that are larger than the
intrinsic splitting. A possibly more directly testable aspect of this
proposal, however, is that the application of any strain—
regardless of its symmetry—would be expected to enhance this
splitting. Specifically, in the absence of disorder, and under the
assumption that the degeneracy is effective exact at zero strain,
we would expect a strain-induced splitting

Te — Tush = /672 + 673 (13)

s 5,5 2 XYXy 2 x2—y2 x2—y? o
8Ty ~ [Fes + 2| + 1YYl + T 7 e

8Ty ~ |[T¥ ey + T3 “exyes| (14)

In particular, the prediction that a symmetry preserving strain, ¢,
will lead to a splitting of the transition directly reflects the
assumption that it is an accidental degeneracy—rather than a
symmetry protected one—that is responsible for the two-
component character of the order.

Similarly, disorder (especially short-range correlated disorder) is
expected to have a substantial impact on T, for any unconven-
tional SC. In the present case, because they are not symmetry
related, it should have a different effect on the d- and g-wave
components, thus leading to a split transition. Since the g-wave
order has more (symmetry related) nodes on the Fermi surface,
one would probably expect disorder to suppress the g-wave
component more strongly, thus leading to a case in which there is
pure d-wave pairing below T. and a lower temperature transition
to a dy 2 +igyy2_y2) SC at Tysh < Te.

METHODS

All technical aspects of our analysis are coherently presented in the
“Results” and “Discussion” section.

DATA AVAILABILITY

The data that support the findings of this study are available from the corresponding
author upon reasonable request.
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