
ARTICLE OPEN

Quantum process tomography on holographic metasurfaces
Qing-Yuan Wu1, Zhe Meng1, Jia-Zhi Yang1 and An-Ning Zhang 1✉

Holographic metasurfaces and their applications have garnered significant attention owing to their role in polarization control. In
this study, we demonstrate that the quantum properties of holographic metasurfaces can be obtained by quantum state
tomography (QST) and quantum process tomography (QPT). We perform QST to obtain the experimental output states by
extracting information from holograms encoded on the holographic metasurface, and develop a QPT-based method to estimate
the quantum process of the metasurface. The theoretical output states derived from the estimated quantum process are in good
agreement with the experimental output states, proving the effectiveness of our method. Our work not only provides theoretical
and experimental analysis for understanding the quantum properties of holographic metasurfaces, but also paves the way for the
application of holographic metasurfaces in quantum field.
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INTRODUCTION
A metasurface comprises a structure whose period is shorter
than the wavelength of the incident electromagnetic wave, and
it can interact with waves on a subwavelength scale to control
their responses. Altewischer et al. proved that the interaction
between waves and metal nanostructures does not change the
quantum properties of waves1. Therefore, metasurfaces have
become an important platform for the development of
quantum optics2. Wang et al. used a metasurface to achieve
multiphoton interference3, which is a strong proof that
metasurfaces was used to manipulate quantum states. In recent
years, researchers have used metasurfaces to realize classical
coupling between photon spin and orbit4, quantum entangle-
ment between photon spin angular momentum and orbital
angular momentum5, long-distance quantum state manipula-
tion6–8, quantum coherence9,10, preparation of quantum light
sources11–17, entanglement distillation18,19, and dissipative-
based quantum state control20.
Holograms are an important tool for wavefront reconstruc-

tion, which can reconstruct the basic properties of waves, such
as amplitude, phase, and polarization. The combination of a
hologram and metasurface is considered a promising candidate
in optics21–27. Researchers have studied polarization multi-
plexing holographic metasurfaces28,29, but they can only
provide multiplexing of two orthogonal polarization states,
and there is strong crosstalk between the two information
channels. Recently, Huang et al. proposed a metasurface that
can realize multichannel vector holography30. A piece of this
metasurface can achieve a high-fidelity, high-efficiency, wide-
bandwidth hologram with a total of 12 polarization channels,
and this provides the possibility for dynamic vectorial holo-
graphic display and triple protection for optical security. It
further enhances the power of polarization control; however, its
quantum properties are an unsolved mystery.
In this study, the holographic metasurface of reference30 was

used. We demonstrated that the quantum properties of holo-
graphic metasurfaces can be obtained by quantum state
tomography (QST) and quantum process tomography (QPT). We
constructed a 4f imaging system to reconstruct the holograms

encoded on the metasurface. Thereafter, we extracted the
information from the holograms and reconstructed the density
matrices of the experimental output states using QST. Based on
the results of QST, the quantum process of the holographic
metasurface was estimated using QPT. Finally, we computed the
theoretical output states to verify the effectiveness of the
proposed method. We extract information from the holographic
metasurface to perform QST and develop a QPT-based method to
estimate the quantum process of the holographic metasurface.
Our work not only proposes an alternative method to understand
the quantum properties of holographic metasurfaces, but also
paves the way for the application of holographic metasurfaces in
the quantum field.

RESULTS
Principle of QST and QPT
QST is the procedure of experimentally determining an unknown
quantum state. Suppose one qubit is encoded in the degree of
polarization. We express the density matrix of the output state as
follows:

ρ ¼ T yT
tr T yT
� � (1)

where, T denotes an arbitrary matrix. It can be proved that any
matrix T can ensure that ρ satisfies the three requirements of the
density matrix, namely Hermitian, positive semidefinite and
normalization. We express T in a lower triangular form for
simplicity as follows:

T ¼ t1 0

t3 þ it4 t2

� �
(2)

where t1, t2, t3, and t4 are four real parameters to be determined,
and i is an imaginary unit.
When the state is observed at ρ(t1, t2, t3, t4), and the noise is

assumed to be a Gaussian distribution, the likelihood function
Lðt1; t2; t3; t4Þ representing the total probability can be expressed
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as follows:

Lðt1; t2; t3; t4Þ ¼ 1
A

Y
i

exp�ðni � niÞ2
2σ2

i
(3)

where A denotes a normalization constant, ni is the value of the ith
measurement, ni ¼ N ψih jρ ψij i is the expected value of the ith
measurement, and σi �

ffiffiffiffi
ni

p
is the standard deviation of the

Gaussian distribution. The core idea of the maximum likelihood
estimation method is to estimate the four parameters to maximize
the value of the likelihood function, and thus we obtain the
following formula:

t1; t2; t3; t4 ¼ argmax
1
A

Y
i

exp � ni � N ϕih jρ t1; t2; t3; t4ð Þ ϕij ið Þ2
2N ϕih jρ t1; t2; t3; t4ð Þ ϕij i

 !

(4)

Finally, the density matrices of the output states were
reconstructed using the four parameters. The quantum process
of a holographic metasurface can be estimated using the output
states. The procedure is described below.
The quantum process of the holographic metasurface is

expressed as follows:

ε ρð Þ ¼
X3
i¼0

EiρE
y
i (5)

where ε represents the quantum operation, ε(ρ) is the output
state, {Ei} are the operation elements, and ρ is the density matrix of
the input states. The Pauli and identity matrices can form a fixed
set, which is the basis for operators in the state space. Therefore,
the operation elements can be expressed as follows:

Ei ¼
X
m

eim~Em (6)

where ~E0 ¼ I; ~E1 ¼ σx ; ~E2 ¼ �iσy, and ~E3 ¼ σz . Then, Eq. (5) is
equivalently expressed as follows:

ε ρð Þ ¼
X3
m;n¼0

~Emρ~E
y
nχmn (7)

where χmn ¼
P

ieime
�
in represents a matrix of the superposition

coefficients. Eq. (7) implies that if we determine χmn, we have
determined the operation elements {Ei}.
The four input states Hj i(horizontal polarization), Vj i(vertical

polarization), Dj i(diagonal polarization), and Lj i(left-handed circu-
lar polarization) form a complete basis. Consequently, any output
state ε ρð Þ can be expressed as a linear superposition of these four
states as follows:

ε ρj
� � ¼X

k

λjkρk (8)

where λjk denotes the superposition coefficient, ρ1= ρH, ρ2= ρV,
ρ3= ρD, and ρ4= ρL. In Eq. (8), the output state ε ρj

� �
is known

from the QST, and ρk is the density matrix of the input state; thus
λjk can be determined by linear algebra operations. Further, we
assume the following linear relationship:

~Emρj~E
y
n ¼

X3
k¼0

βmn
jk ρk (9)

where βmn
jk represents a matrix of superposition coefficients.

After substituting {~Ei} and the density matrices of the input
states into Eq. (9), we obtain βmn

jk by performing linear algebra
operations.
Substituting Eq. (8) into Eq. (7), we obtain:

X3
m;n¼0

~Emρj~E
y
nχmn ¼

X
k

λjkρk (10)

Substituting Eq. (9) into Eq. (10), and each input state is
independent of each other, the following formula is obtained:

X3
m;n¼0

χmnβ
mn
jk ¼ λjk (11)

λjk was determined using Eq. (8), whereas βmn
jk was determined

using Eq. (9); thereafter we determine χmn. Finally, the operation
elements {Ei} of the quantum process can be obtained using the
following formula:

Ei ¼
ffiffiffiffi
di

p X3
j¼0

Ujiσj (12)

where χmn ¼
P

xyUmxdxδxyU�
ny

Experimental results of QST and QPT on holographic
metasurface
The experimental setup is illustrated in Fig. 1. In our
experiment, an 810-nm laser is used as the light source. The
experimental setup consists of five parts: the first part is used to
adjust the light intensity, and this part contains a half-wave
plate (HWP1) and polarizing beam splitter (PBS1); the second
part, which contains HWP2 and a quarter wave plate (QWP1), is
used to prepare the input states; the third part is a 4f imaging
system, which contains two lenses and an objective lens; the
fourth part is the holographic metasurface to be estimated; the
fifth part is used to set the measurement bases, and this part
contains QWP2, HWP3 and PBS2. Finally, a CCD is used to collect
holograms.
The 4f imaging system adjusts the spot size of the laser to

match the size of the holographic metasurface. Figure 2 shows
the holograms collected by the CCD. Each hologram can be
divided into two parts: the bright spot in the middle is the
center point, and the three small figures around it are target
images. The center point contains most of the laser energy;
thus, it is the brightest part of the hologram. Furthermore, the
hologram generated by the metasurface changes through the
combination of different input states and measurement bases,
and this change is clearest when the input state and
measurement basis are orthogonal. Notably, our results are
similar to those in reference30, but we used more combinations
to achieve QST and QPT.
Based on the information extracted from the holograms, the

density matrices of the experimental output states were obtained
using QST with maximum likelihood estimation. Six measurements
are performed for each input state to ensure the accuracy of the
estimation. Figure 3a shows the density matrices of the

Fig. 1 Experimental setup. HWP1 and PBS1 were used to adjust the
light intensity. The input states were generated by HWP2 and QWP1.
Two lenses and an objective lens form the imaging system to
reconstruct the hologram encoded on the metasurface. Measure-
ment bases were generated using QWP2, HWP3, and PBS2.
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Fig. 2 Results in CCD. Six input states and six measurement bases were generated by changing the angles of Part2 and Part5. There are two
letters in the lower-right corner of each graph; the former represents the input state, whereas the latter represents the measurement basis.
The letters represent horizontal polarization ( Hj i), vertical polarization ( Vj i), diagonal polarization ( Dj i), anti-diagonal polarization ( Aj i), right-
handed circular polarization ( Rj i), and left-handed circular polarization ( Lj i).

Fig. 3 Density matrices of the experimental and theoretical output states. The letters at the lower right corner indicate the input states.
a This shows the density matrices of the experimental output states, which are estimated by QST; b It shows the density matrices of the
theoretical output states, which are calculated from the results of QPT and the input states. The first and third columns represent the real part,
and the second and fourth columns represent the imaginary part. The red, yellow, blue, and green columns indicate the components
Hj i Hh j; Hj i Vh j; Vj i Hh j, and Vj i Vh j of the density matrix, respectively.
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experimental output states. From the figure, we observe that the
Hj i Hh j and Vj i Vh j components are greater than zero in the real
part of each density matrix. This indicates that the output states
are superpositions of horizontal and vertical polarization states.
The superposition of horizontal and vertical polarization states can
also linearly represent other polarization states; thus, the
holographic metasurface can achieve 12 channels multiplexing.
Based on our proposed QPT-based method, the quantum process

of a holographic metasurface was estimated. We compute the density
matrices of the theoretical output states using the results of the QPT
and the input states. The results of computation are shown in Fig. 3b.
The components of the density matrices of the experimental and
theoretical output states are compared, as shown in Fig. 4, which
serves as a criterion for evaluating the quantum process estimated by
QPT. The comparison shows the difference between the density
matrices of the experimental (Fig. 3a) and theoretical (Fig. 3b) output
states. Not only the theoretical output states of the four states
( Hj i; Vj i; Dj i, and Lj i) participating in the estimation of the quantum
process, but also the theoretical output states of the two states ( Aj i
and Rj i) not participating in the estimation match the experimental
results. This indicates the effectiveness of our QPT-based method on a
holographic metasurface.

DISCUSSION
We demonstrate that QST and QPT can be used to estimate the
quantum properties of a holographic metasurface. The quantum
properties of multi-polarization multiplexed holographic metasur-
faces were also investigated in this study. Our holographic
metasurface encodes information in holograms containing the
center point and target image. The center point, with no
information, contains most of the laser energy, whereas the target
image has all the information. Therefore, we can ignore the center
point, which easily causes signal overflow and focuses only on the
target image of all information encoding. This makes our method
better than using all photons to perform QST in the case of signal
overflow. The density matrices of the output states are obtained
by QST. The calculation results demonstrate that the purity of each
density matrix is: Hj i : 0:51; Vj i : 0:505; Dj i : 0:837; Aj i :
0:512; Rj i : 0:501; and Lj i : 0:503. Because ρ(t)= Uρ(0)U† is only

suitable for estimating quantum processes with pure output
states, we develop a QPT-based method to address this challenge.
The good agreement between the theoretical and experimental
output states demonstrates the effectiveness of our method.
Furthermore, the output states are not pure, indicating that our
holographic metasurface is not a linear device. In the case of a
single qubit, a linear device is generally represented by a two-
dimensional matrix, whereas our holographic metasurface
requires four two-dimensional matrices to describe its properties.
Overall, the application of QST and QPT to holographic
metasurfaces will pave the way for the application of holographic
metasurfaces in the quantum field.

METHODS
Matrix of β
Let us rewrite Eq. (9) as follows:

~Emρj~E
y
n ¼

X3
k¼0

βmn
jk ρk (13)

where, ~E0 ¼ I; ~E1 ¼ σx ; ~E2 ¼ �iσy ; ~E3 ¼ σz , ρ1= ρH, ρ2= ρV, ρ3= ρD and
ρ4= ρL. Using linear algebra operations, βmn

jk is obtained as follows:

Details of experiment
Based on the density matrices of the output states, the value of λ was
computed using Eq. (8), which is expressed as follows:

λT ¼ 0:8110½ 0:2770 �0:0952 0:0071 0:3508 0:4748 0:1118 0:0626

0:6273 0:2653 0:5160 �0:1086 0:4711 0:2111 0:1318 0:1860�
(15)

Substituting Eq. (14) and Eq. (15) into Eq. (11), we obtain χ:

χ ¼

0:3177 0:0022� i0:0086 �0:0119� i0:0018 0:0127� i0:0074

0:0022þ i0:0070 0:02676 �0:0128� i0:0032 �0:0020þ i0:0018

�0:0119þ i0:0002 �0:0128þ i0:0032 0:1579 0:0086þ i0:0141

0:0127þ i0:0074 �0:0020� i0:0002 0:0086� i0:0125 0:2568

2
666664

3
777775
(16)

β ¼

1 � 1þi
2 � 1þi

2 1 � 1�i
2 0 0 � 1�i

2 � 1�i
2 0 0 � 1�i

2 1 � 1�i
2 � 1�i

2 1

0 � 1�i
2 � 1�i

2 0 � 1�i
2 1 1 � 1�i

2 � 1�i
2 1 1 � 1�i

2 0 � 1þi
2 � 1þi

2 0

0 1 1 0 1 0 0 1 1 0 0 1 0 1 1 0

0 i i 0 �i 0 0 �i �i 0 0 �i 0 i i 0

0 � 1�i
2

1�i
2 0 � 1þi

2 1 �1 1þi
2

1þi
2 �1 1 � 1þi

2 0 1�i
2 � 1�i

2 0

1 � 1�i
2

1�i
2 �1 � 1þi

2 0 0 1=2 1þi
2

1þi
2 0 0 � 1þi

2 �1 1�i
2 � 1�i

2 1

0 1 �1 0 1 0 0 �1 �1 0 0 1 0 �1 1 0

0 �i i 0 i 0 0 �i �i 0 0 i 0 i �i 0

0 0 � 1þi
2

1þi
2 0 0 � 1þi

2
1þi
2 � 1�i

2 � 1�i
2 1 �1 1�i

2
1�i
2 �1 1

0 0 1�i
2 � 1�i

2 0 0 � 1þi
2 � 1�i

2
1þi
2

1þi
2 1 �1 � 1þi

2 � 1þi
2 �1 1

1 1 0 0 1 1 0 0 0 0 �1 1 0 0 1 �1

0 0 i �i 0 0 i �i �i �i 0 0 i i 0 0

0 � 1þi
2 0 1�i

2 � 1�i
2 1 � 1þi

2 i 0 � 1�i
2 0 � 1þi

2
1þi
2 �i � 1�i

2 1

0 � 1�i
2 0 � 1þi

2 � 1þi
2 1 1�i

2 i 0 1þi
2 0 � 1�i

2 � 1�i
2 �i � 1þi

2 1

0 1 0 i 1 0 i 0 0 �i 0 1 �i 0 1 0

1 0 i 0 0 �1 0 �i �i 0 1 0 0 i 0 �1

2
66666666666666666666666666666666664

3
77777777777777777777777777777777775

(14)
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Substituting Eq. (16) into Eq. (12), we obtain the operation elements Eif g
of the holographic metasurface as follows:

E0 ¼
�0:0067þ i0:0456 �0:3414þ i0:0107

0:4263þ i0:01 0:0613� i0:0432

� �
(17)

E1 ¼
0:6191þ i0:0681 0:0698þ i0:0626

�0:0171þ i0:0781 0:4477� i0:0679

� �
(18)

E2 ¼
0:3597þ i0:0823 0:1113� i0:0114

0:1767þ i0:0999 �0:5586þ i0:0813

� �
(19)

E3 ¼
�0:1746þ i0:1215 0:5542þ i0:0034

0:3999� i0:0041 0:1535� i0:0562

� �
(20)
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