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The recently theoretical and experimental researches on P7-symmetric system have attracted unprecedented attention because of
the various interesting features and potential applications in extending canonical quantum mechanics. However, as the counterpart
of PT-symmetry, there are few experimental researches on the anti-P7 -symmetric quantum system because of the challenges in
simulating anti-P7 -symmetry in experiment. Here, we propose an algorithm for simulating the generalized anti-P7 -symmetric
system in the quantum circuit model. Utilizing the algorithm, we demonstrated the quantum simulation of anti-P7 system
experimentally, and an oscillation of information flow is observed in a nuclear magnetic resonance quantum simulator. The
experiment showed that the information could recover from the environment completely when the anti-P7 -symmetry is broken,
whereas no information can be retrieved in the symmetry-unbroken phase. Our work opens the gate for the practical quantum
simulation and experimental investigation of universal anti-P7 -symmetric system in a quantum computer.
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INTRODUCTION
The limitation on the Hermiticity of Hamiltonian can ensure the
reality in the spectrum of energy eigenvalues and the unitarity of
the resulting time evolution. However, a new class of non-
hermitian Hamiltonian has attracted extensive attention and
research because of the discovery by Bender and Boettcher in
1998'. It was found that Hamiltonians satisfying parity P (spatial
reflection) and 7 (time reversal) symmetry instead of hermiticity
can still have real energy spectra and orthogonal eigenstates in
the symmetry-unbroken phase, in which the eigenfunction of
system Hamiltonian is at the same time an eigenfunction of the
joint PT operator>®. When the Hamiltonian parameters cross the
exceptional point, P7-symmetry will be broken and lead to a
symmetry-breaking transition®. This work has inspired numerous
theoretical and experimental studies®'” of the non-hermitian
systems, including demonstrating novel properties of quantum
systems'*'® and extending fundamental quantum mechanics'®'”.
Recently, another important counterpart anti-P7-symmetry,
which means the system Hamiltonian is anti-commutative with
the joint P7 operator {H, P7 } = 0, has attracted much research
interest. Several interesting physical phenomena have been
reported in the anti-P7-symmetric systems, such as optical
materials with balanced positive and negative index'® and optical
systems with constant refraction'®. Some relevant experimental
demonstrations have been realized in optical'® 23, atoms>*2°,
electrical circuit resonators®’, and diffusive systems?®. Quantum
processes such as symmetry-breaking transition, simulation of
anti-P7-symmetric Lorentz dynamics®®, and observation of
exceptional point>*?” have been presented in these experiments,
whereas the novel characteristics of entanglement'****° and
information flow'**'? in the anti-P7-symmetric system, which
would present various phenomena different from Hermitian
quantum mechanics and reveal the relationship between system

and environment, have not been fully and thoroughly investi-
gated in the experiment.

In this work, we propose an algorithm for the simulation of
generalized anti-P7-symmetric evolution with a circuit-based
quantum computing system using a three-qubit scheme and the
simulation scheme is based on decomposing the non-Hermitian
Hamiltonian evolution into a linear combination of unitary
operators and realizing the simulation in an enlarged Hilbert
space with ancillary qubits**~®>. Compared with the generalized
‘PT-symmetric system, which can be simulated with one ancillary
qubit®®, the simulation of generalized anti-P7 -symmetric system
is more complicated, for instance, to simulate the two-level
system, two ancillary qubits have to be used for the generalized
anti-P7 -symmetric system. In particular, we found that informa-
tion backflow in the PT system'? is also present in the anti-
PT-system, and we have experimentally demonstrate the
information flow oscillation for the first time on nuclear magnetic
resonance quantum computing platform. We experimentally show
that the information flow oscillates back and forth between the
environments and system in broken phase and the phenomenon
of information backflow occurs, which indicates information flows
from the environment back to the system and this does not
happen in traditional Hermitian quantum mechanics®’3%, The
oscillation period and amplitude increase as the system para-
meters approach the exceptional point. When passing through the
critical point, the information backflow no longer occurs, and can
only be attenuated exponentially from the system and leakage
information into the environment. Moreover, in the time interval
when the information backflow occurs, it indicates the presence of
memory effects in the anti-P7-symmetric system, which means
the dynamics are non-Markovian®*°. Therefore, the phase-
breaking and information flow transition at exceptional point
observed in our experiment also mean the transition between
non-Markovian process and Markovian process.
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Fig. 1 Quantum circuits for the simulation of a generalized anti-

PT -symmetric single-qubit system. Single-qubit operators V, and
H (Hardmard gate) are operated on the ancillary qubits and two
two-qubit operators (0-controlled V; and 1-controlled V,) are
implemented to the system followed by four three-qubit controlled
quantum gates Ui € [1, 2, 3, 4]). At the end of the circuit, we
measure the state vector of the work system in the subspace where
the ancillary qubits are |00)(00.

RESULTS
Construction of simulation algorithm

We start from a more generalized form for a single-qubit anti-
‘PT -invariant Hamiltonian, which can be expressed as

. re® is
H= ( iu re"9>7 M

where all the parameters r, 6, s, and u are real numbers'®. This
generalized Hamiltonian will be the negative transpose of the
original form under the action of joint operator P7, where
operator P is the Pauli 0, matrix and 7 corresponds to complex
conjugation. When the condition s = u is satisfied as well, it can be
reduced to the anti-commutation relation

(PTYH(PT) " = —H' = —H, 2)

where notation AT means the transpose of matrix A. The
eigenvalues of Hamiltonian H are €. = irsin 8+ /r2cos20 — us
and the system is termed in the regime of unbroken anti-
PT -symmetric phase when r?cos?6 — us < 0. For convenience, we
set the difference between the two eigenvalues as
w =g, —&_ = 24/r?cos?6 — us. The dynamic evolution governed
by the non-Hermitian Hamiltonian in Eq. (1) can be described by
—iFt iA't
p(t) = = PO 3)
trle=Htp(0)ei 1]

Here we employ the usual Hilbert-Schmidt inner product
instead of a preferentially selected one and consider the effective
non-unitary dynamic of an open quantum system'>*°. Suppose
that the non-unitary evolution operator U can be decomposed into

the form U= ZLG,U,-, where U; are unitary oprators and
coefficients a; depend on the choice of decomposition but satisfy

construction condition Z,‘; |ai| = a. Then, by constructing opera-
tors G = ZL VE[H (0] working on the ancillary qubits and
controlled-operator U = ZL |i){i| ® U;, we can realize the simula-

tion of Hamiltonian evolution in the subspace of (0|G'UG|0)>**'~,
We construct a general quantum circuit to simulate the dynamic
evolution in Eq. (3) by enlarging the system with ancillary qubits
and encoding the subsystem with the non-Hermitian Hamiltonian
with post-selection.

Quantum circuit used to simulate the generalized anti-
‘PT -symmetric evolution is shown in Fig. 1 including two ancillary
qubits and one work qubit forming a three-qubit scheme. The
initial state is prepared in |00),|y),, first, then an unitary operator
Vp and two two-qubit operators (0-controlled V; and 1-controlled
V) are implemented on the ancillary qubits just as shown in the
dotted box. The operation in the dotted box is equivalent to an
operator V and only the first column is definable. The first column
of two-qubit operator V without considering the normalization
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constant is [Vq, Va1, V31, V4e] and
— __ s+ f
Viy = cos(wt/2h), Vy = *LEsin(wt/2h),
Vy = i Esin(wt/2h), Vay = =2Osin(wt/2h),

It does not matter what the other matrix elements in operator V
are, while we can determine the operator by Schmidt Orthogo-
nalization under the constraint that the operator must be unitary.
We can also decompose it into single and two-qubit operators just
as shown in the dotted box of Fig. 1. Suppose that the normalized
first column of the two-qubit operator is [V, V5, V5, Vil
satisfying normalization conditions S % ,|V/,|*> =1, and then we
can construct 4 X 4 unitary matrix V that satisfies the constraint
and the concrete form of operators can be determined by Eq. (5).

V=WVi@eVy) VoI, (5)

where the single-qubit unitary operators V, and two-qubit
controlled operators Vi (k=1, 2) can be formally expressed as
rotation operators R(9)) = ( cos 6, sin 6;sin6; — cos 6), (I=0, 1, 2).
According to the decomposition method and parameters in the
generalized anti-P7 -symmetric Hamiltonian, we can determine
the explicit forms of the angles in the three operators and the
details are in the Methods. Next, the three-qubit controlled-U;
(i=1, 2, 3, 4) operators construct a set of complete basis in two-
dimensional Hilbert space on the work system and the construc-
tion method is not unique, and the operators U; can be simply set
as identity matrix 0p = l>x> and Pauli matrix o, 0, 0,. Finally, two
Hardmard gates are applied on the ancillary qubits to mix up the
states and the target quantum state p(t) of the work system can
be obtained by measuring the work system in the subspace where
the ancillary qubits are |00)(00| according to our parameters
setup. It is worth emphasizing that our scheme works for both
unbroken and broken anti-P7-symmetric phase and even near
the exceptional point, stability of the scheme is still very good.
Therefore, our protocol provides a novel method to investigate
various properties of anti-P7-symmetric system and we apply it
to the experimental observations of information flow.

(4)

Experimental implementation and results

To present the information retrieval in anti-P7 -symmetric system,
we identify the information flow by trace distance to measure the
distinguishability between two quantum states

D@1 (1), £2(1)) = 5161 (6) — P 1) ©

and M| = \/ M M*"*2. The trace distance keeps invariant under
unitary transformations whereas does not increase under com-
pletely positive and trace-preserving maps, which means the
unidirectional information flow from the system to environment
will not be recovered. However, the complete information retrieval
from the environment in P7-symmetric system has been
proposed in theory'>. In contrast, there has been little research
in the counterpart anti-P7 -symmetric system and in this work, we
observed an oscillation of information flow in anti-P7 -symmetric
single-qubit system in experiment based on our nuclear magnetic
resonance platform.

As a proof-of-principle experiment, we consider a two-level anti-
PT-symmetric system

Hppr = s(i()x +)\62)/ (7)

where s>0 is an energy scale and A>=0 is a coefficient
representing the degree of Hermiticity. We take different A values
in both anti-P7-symmetric unbroken and broken region to
observe the dynamic feature of the system. According to the
definition of information flow, we need to evolve the system
under anti-P7-symmetric dynamics with different initial state
|0)(0] and |1)(1]| to determine the distinguishability. Hence, we
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Fig. 2 Fidelities between the experimental results and theoretical expectation at nine discrete time points of different A values. The
average fidelities labeled by red lines are over 96% and the maximum deviations are within 2%.

add one more working system in experiment ensuring that the
two working qubits undergo the same anti-P7-symmetric
evolution just with different initial states. We use the spatial
averaging technique to prepare the pseudo-pure state***> from
the thermal equilibrium as the initial state and the form can be
expressed as

[P0000) = (1 — €)l16/2* + €]0000)(0000], (8)

where I, is a 16x 16 identity operator and e=10 " is the
polarization. The first item does not evolve under unitary
operators and the second deviated part is equivalent to quantum
pure state. The fidelities between experimental and ideal pure
state |0000) are over 99.5%, which are calculated by the formula*®

F(p,0) = tr(po)/+/ trp?Vtro2. 9)

Subsequently, we apply the quantum operations in our
algorithm according to the different parameter setup. Four values
of A € {2, 1.5, 1.01, 0.5} are chosen and the former three are
located at broken phase and the last one leads to unbroken anti-
PT-symmetry. All the operations are realized using shaped pulses
optimized by the gradient method *’. Each shaped pulse is
simulated to be over 99.5% fidelity while being robust to the static
field distributions and inhomogeneity. By performing four-qubit
quantum state tomography “4°, we obtain the target density
matrix when the ancillary qubits are |00) at the end of circuit. We
extract experimental data at nine discrete time points and the
mean fidelities between the theoretical expectations and experi-
mental values are over 96% in Fig. 2. The information flow
identified by experimental results are plotted in Fig. 3. Because of
the random fluctuations of the amplitude and phase in control
field, the experimental results produce some random errors. We
suppose that the random fluctuations are within a range of 5% in
amplitude and in phase, which are common in actual experi-
mental process®'”?, then the fluctuation range of distinguish-
ability are also plotted as the error bar.

DISCUSSION

Our experimental results clearly show that the distinguishability
oscillates with evolution time when the system symmetry is
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Fig. 3 Experimental results of information flow measured by
distinguishability. Four A values are set in our experiment including
three broken anti-P7-symmetric phase and one unbroken point.
The solid lines represent theoretical values, and the nine discrete
points on each line are experimental results. Theoretical error range
of distinguishability are numerically analyzed based on the
assumption that the fluctuations of amplitude and phase are within
a range of 5%.

broken and information can retrieve from the environment
completely. Considering the Breuer-Laine-Piilo (BLP) condition
for non-Markovianity>?°3°% the increase of distinguishability in
the broken phase (dD(t)/dt > 0) implies that there exist memory
effects and give rise to a unique non-Markovian process in the
anti-P7 -symmetric system. The closer parameters get to the
exceptional point, the bigger the period gets and the larger
the amplitude of information vibration becomes, which means
the system undergoes larger fluctuations. However, the distin-
guishability decays with time and no information recover from
the environment in the unbroken anti-P7 -symmetric phase. The
distinguishability oscillates with period T = h/(sVA* — 1) and
in order to validate our experimental results about change
trend, we theoretically analyze the oscillation period and
amplitude just as shown in Fig. 4. It can be concluded that the
intensity of oscillation is related to the parameter A and with the
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Fig. 4 Distinguishability and purity in the anti-P7 -symmetric system. a The amplitude and period of distinguishability as functions of A
according the same parameter setup in experiment. The locally enlarged subgraph is the change trend around exceptional point and at the
exceptional point A =1 in the inset, there is no information backflow as in the unbroken phase. b Purity of quantum state evolving with time
under different A values. When parameters locate in the unbroken anti-P7 -symmetric phase (A < 1), purity will decay exponentially with time
and approach value 0.5, which means a maximum mixed state. The oscillation of purity can be observed in the broken phase.

increasement of A, the ratio of Hermitian (AG,) to non-Hermitian
(iox) components in the system Hamiltonian gradually increases,
and oscillation of information flow gradually weakens. In the
limit case, it reverts to hermitian quantum mechanics, in which
the information flow does not oscillate. In the symmetry-
unbroken phase, the amplitude keeps value one and the period
is zero, which means the system will lose all the information into
the environment and information backflow does not occur.
Therefore, the behavior of the system can be consistently
understood and interpreted, whether it is a Hermitian or an anti-
PT-symmetric system. To further determine the evolution
characteristics, we theoretically calculated the purity of the
quantum state in Fig. 4 and observed similar oscillation and
attenuation phenomena just like information flow. This means
that the quantum state evolving under the anti-P7-symmetric
Hamiltonian will be entangled with the environment so as to a
decoherence process, but the process is reversible in the case of
broken phase and irreversible in the unbroken phase.

In summary, we propose an algorithm for the simulation of
generalized anti-P7 -symmetric system and observe an oscillation
of information flow in the experiment. We compare the
performance when system parameters approach exceptional
point and change from anti-P7-symmetric broken phase into
unbroken phase. It is found that both the oscillation period and
amplitude increase monotonically before the phase transition,
whereas no information will be retrieved from the environment
any more after passing the critical point, which means that we
have also realized a symmetry-breaking process in anti-P7 -sym-
metric system. The monotone correspondence relation in
symmetry-broken phase implies that our results could supply a
metric method to measure the degree of non-hermiticity («
amplitude € [0, 1]) for a quantum system. The change tendency of
the information flow obtained in our experiment could supply a
consistent understanding method for the Hermitian and anti-
‘PT-symmetric systems. Moreover, we found that there exists an
interesting anti-corresponding relation: when P7-symmetry is
broken, there is no information flow oscillation, whereas in the
broken phase of anti-P7-symmetric system, there is information
backflow. This work has important theoretical and experimental
implication in the exploration of the interaction between system
and the environment and our proposed scheme can be extended
to high-dimensional cases and other quantum computing
platforms.
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METHODS

Experimental setup

In experiments, we use 3C-labeled transcrotonic acid dissolved in dé-
acetone as the four-qubit sample. The structure of this molecule is shown
in Fig. 5. Notations C1 to C4 denote the four qubits that we can control,
and C1 and C2 are chosen as the ancillary qubits, C3 and C4 as the system
qubits, respectively. All the 'H are decoupled throughout the experiment.
The experiments were carried out on a Bruker ADVANCE 600 MHz
spectrometer at room temperature (298 K). The internal Hamiltonian of the
sample under weak coupling approximation is

4 4

. i A

Hine = — Z’TV/'UIZ + Zi'llfolzdﬂ
i=1

i<j

(10)

where v; is the chemical shift and Jj is the J-coupling strength between the
ith and jth nuclei. In Fig. 5, the molecular parameters are listed in the
diagonal and off-diagonal elements.

Initialization. The process of quantum computation in liquid nuclear
magnetic resonance system starts from a thermal equilibrium state
obeying Boltzmann distribution at room temperature T:

e Hint/ke T

Pea = Ty (g FuaT) an

where kg is the Boltzmann constant’”. It is normal that ||Hin/ksT]| is much
less than one and Ji; < w;, so that the thermal equilibrium state can be

approximated as
1 /(. 4 hwiol
~ I<§4 I~z
.Deq 24 ( + - 2kBT )

where the notation / is identity matrix and o, is a Pauli matrix. To initialize
the system, we generally need to drive the quantum system from the
highly mixed state p.q, which cannot be used as an initial state to the
pseudo-pure state in Eqg. (8). This is realized via spatial averaging
technique®*®, where all the processes are realized by unitary operations
including single-qubit rotations, controlled-NOT gates and gradient fields
in the z direction. Full quantum state tomography*®~° is then performed
in order to obtain a quantitative estimation of the quality of our pseudo-
pure state. We found that the fidelity between the prepared pseudo-pure
state and the target state is over 99% and this state serves as the starting
point for subsequent computation tasks.

(12)

Readout. The measurement in nuclear magnetic resonance detection is
performed on a bulk ensemble of molecules, which means the readout is
an ensemble-averaged macroscopic measurement. At the end of the
quantum circuit, all experimental data are extracted from the free-
induction decay (FID), which is the signal induced by the precessing
magnetization of the sample in a surrounding detection coil. FID is
recorded as a time-domain signal, which consists of a number of oscillating
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Fig. 5 Experimental scheme for simulation. a Molecule structure of '*C-labeled crotonic-acid. C1, C2, C3, and C4 are used as four qubits in
the experiment, while all 'H are decoupled throughout the experiment. b Molecule parameters of sample: the chemical shifts and J-couplings
(in Hz) are listed by the diagonal and off-diagonal elements, respectively. Transversal relaxation time T2 (in seconds) are also shown at bottom.
¢ Quantum circuit used to observe information flow in experiment. The first two qubits are used as ancillary qubits |00), and the other qubits
are working system |00),,. After a series of unitary quantum gates, we measure the state of the working qubits when the ancillary qubits are

00)(00].

Fig. 6 Real parts of quantum state of work system at the ninth time points. Figures in the first row from a to d represent the real part of the
final experimental density matrix (A; — A4) and the corresponding theoretical values are shown on the following row from e to h.

waves of different frequencies, amplitudes, and phases. The signal is then
subjected to Fourier transformation, and the resulting spectral lines are
fitted, yielding a set of measurement data . We obtain the final density
matrix by performing quantum state tomography. It is finished by applying
17 readout pulses with a duration of 0.9 ms after the evolution. Then we
can reconstruct all the density matrix elements of the final state. We find
the subspace where the ancillary qubits are state |00) (00| to get the target
quantum state of the work system. The real parts of the density matrices of
work system for the experimental results at the last time point under
different A values and the corresponding theoretical values are displayed in
Fig. 6 to evaluate the performance of our experiment.

Experimental protocol

In experiment, the eigenvalues of the anti-P7-symmetric Hamiltonian
Hgprin Eq. (7) are +5vA? — 1 and the anti-P7 -symmetry will be unbroken
if A<1, and the two-order exceptional point is located at A=1. The
dynamic evolution under Hapr can be realized via our protocol presented
above by setting the parameters in Eq. (1) as 8=0 and r=As=Au
appropriately. We fix evolution time t;=1s and set s =3 as the energy
scale. To reduce the random error caused by the change of environment

Published in partnership with The University of New South Wales

in experiment, we extend the controlled gates U; = 0; to two-qubit Hilbert
space Ui=0; ® o; (i € {0, x, y, z}) and add one more rotation o, on the
second work qubit. Therefore, the quantum systems in two different
Hilbert spaces undergo the same dynamic evolution induced by the anti-
‘PT-symmetric Hamiltonian only with different initial state by this
experimental setup.

Because the encoding procedure only introduces a constraint on the fist
column of the operator, \/a;/ali)(0] (i = 1, ...d). To realize it in the circuit-
based quantum computer, we decompose it into single-qubit operator V,
and controlled operators Vi(k =1, 2) as shown in the dotted box of Fig. 1.
According to the parameters of Eq. (4), we can get the explicit forms of the
operators:

VIV 1Vl Vil + Va2

- 2 2 2 2
VIVE 4 Vi =/ VP o+ Vil
v Vi

2%-1.1
’ 2. v 12 / 2. 12
\/‘VZK—H‘ Hvzk.w‘ \/‘VZK—H‘ Hvzk.w‘
,Zk.1 ’Vlzk—m

%
2 2 2 2
VW d PV P 3/ Ve PV

0

= R(6o),

(13)

Vi = = R(6k),
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6 6 in 6,
where the angles in the rotation operators R(6) = <C9Se' sn /6 )
(I =0, 1, 2) can be determined by sinGi —cosb
_ w2cos? (wt/2h)+(u+s)sin? (wt/2h)
bo = arccos\/ w2-2(u+s)?sin? (wt /2h)
6, = arccos w cos(wt/2h) , (14)
\/wacos? (wt/2h)+(u-+s)?sin? (wt/2h) |
6, = arccos i(s—H)

\/ (u—s)*+4r2cos26 ’

Quantum circuit that is used to observe information flow in the

experiment is shown in the Fig. 5. Single-qubit operator V, and two-qubit
operator V; are parameter-dependent quantum gates, while the other
unitary quantum gates including the controlled-U; on the working system
do not vary with the parameters in the anti-P7-symmetric Hamiltonian.
Quantum evolution according to the quantum circuit we constructed are
optimized by gradient ascent pulse engineering (GRAPE)*” with fidelity
over 99.5% and the durations of the optimized pulses are within 60 ms in
experiment.

DATA AVAILABILITY
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