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Letters to the Editor

Handy Formula for Calculating the Probability
of Parentage Exclusion

To the Editor:

Ito et al. (1985) have presented general formulae for calculating the probability
of parentage exclusion based on restriction fragment length polymorphisms. The
results were, however, rather clumsy in terms of allele frequency (p1)=(ps,...,Pm)
where mode of inheritance assumed to be codominant for m multiple alleles. This
can be simplified, as first noted by Komatsu (1952), with a mathematical fact that
any symmetric polynomial with respect to (p;) is also expressible in terms of the
power-sum of (p;) alone as a polynomial. In general if the function (P;;) of allele
frequency holds a symmetric relation P;;=Py;, the following identity is always true:

i=1 j=1
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5 Py=5(2 I Py Py). (1)
i<j i=1
If Py; is not symmetric, then the quantity Py;+ Pj;, which is always symmetric, can be
applied instead.
For example, since summand of the first term of right hand of the probability of

parentage exclusion in case of an X-linked locus with m codominant alleles, that
is, Pyy=pips(p1+p;) (1 —p: — ;) is symmetric, we have

m ] {m m m
,Z_Pu=5{_2 2 pips(Pi+p) (1—pi—p)— % 2pi3(1—2pi)}=32~53—522,
i<j i=1 j=1 i=1

where S,=S; (m):ﬁ pi* or the k-th power-sum of m allele frequency. Since the
i=1

Table 1. The probability of parentage exclusion in codominant and ABO-like systems.

Inheritance Probability of parentage exclusion
Autosome : PA(m)=1—2S,+83—2S,2 428,438,535 —3S;*
X-linked P PSx(m)=1/2(1—S,—S,2+S,)

Y-linked : PSy(m)=1/2(1—S,)

Pseudoautosomal ; PSzy(m)=1—S,—1/2(5,2—S,)
Mitochondrial  : PSy(m)=1—S,
ABO-like ! Pm)=PA(M—1)—(T>—T)—r{rQ—0)+{@—1r—1)T:—2(1 +1)T3—2T,;-+T,%}

m
& After Komatsu (1952). Six=Sx(m)= El p1¥, Tx=Sx(m—1), pi=frequency of the i-th allele,

i=

m=number of codominant allele, r=recessive allele in ABO-like system.
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remaining term of the probability will be 1 —2S,+2S;—S,, the final result becomes
Psz%(l —S,~82+8S,).

Handy formulae for the probability of parentage exclusion appeared in restriction
fragment length polymorphisms are shown in Table 1. Thus, it is simple enough to
calculate the probability of parentage exclusion when the power-sums up to the fifth
degree of m codominant allele frequency were computed by a desk calculator.
Some inequalities discussed in Ito et al. (1985) are now very obvious with Schwartz
inequality. Presence of recessive allele might create some complications, but the
identity (1) can apply any symmetric function of gene frequency as illustrated in ABO-
like system, for which a simplified formula was also given in Table 1.
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