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Fractal dimension of co-citations

SiR—Like many natural phenomena, the
growth of scientific knowledge seems to
be cluster-like. On a spatial scale, scie-
ntific discoveries mainly ‘cluster’ around
important research institutes. On a tem-
poral scale, scientific discoveries often
occur in relatively short periods of time as
an important breakthrough makes new
advances possible. Here I focus on a non-
physical abstract structure in which pieces
of scientific information are clustered
according to specific aggregation rules. I
discuss geometrical properties of co-
citation clustering and in particular, the
size distribution of these clusters in terms
of fractal dimensions.

When a scientific paper cites two earlier
papers, these latter papers are “co-cited’.
The strength of such a co-citation relation
is determined by the number of citing
papers having the above pair in their refer-
ence list. One of these co-cited papers can
also form a co-citation pair with a third
paper. In this way, clusters of (co-)cited
papers emerge, and a ‘map’ of the citation
field can be created'. Looking at papers
published in 1984, about six million cited
papers are reduced to some 70,000 highly
cited papers, and with these papers nearly
10,000 clusters are formed. These Cl1
clusters are used as input for a second-step
clustering resulting in about 1,400 C2
clusters, each of them containing 2 to 60
clusters of the first (CI) cluster genera-
tion. The iteration procedure is then per-
formed twice again, the 1,400 C2 clusters
being input for about 180 C3 clusters, and
these latter clusters being input for the
final C4 clustering, yielding 21 C4 clusters.
Each iteration reduces the number of
clusters by an order of magnitude. In
general, one may say that at the CI level
science is structured in terms of (small)
research specialities, whereas at higher
levels co-citation clusters become in-
creasingly extensive in size, representing
higher hierarchical structures such as sub-
fields, fields and disciplines. *Cluster size’
refers to the number of citing papers
involved.

In the figure, 1 present data on the
size-rank distribution of C2 and C3 co-
citation clusters. For the largest part of the
ranking scale, over about two orders of
magnitude, the distribution is a power law
g(r) = k r"where g(r) is the size (number
of citing papers) of the cluster with rank r,
k is a value determined empirically, and y
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is the slope of the line. I found that y(C3)
=1.09and y(C2) = 0.71, indicating a clear
difference between the cluster systems.
The next step is the conversion of the
size-rank distribution function into the
‘usual’ size distribution function: the
number of clusters with size g, n(g), as a
function of g
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n(g) = —dridg ~ g (1)

. Using fractal theory™, the size distribu-

tion of fractal ‘islands’ (fragments of area
A from fractal fragmentation) is

I’!(A) — A*{D/l)\ +1) (2)

where D is the fractal dimension describ-
ing the degree of fragmentation of the set
of islands, and D_is the fractal dimension
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Size-rank distribution of C2 and C3 Co-citation
clusters. Circles, distribution for the power-
law part of the (total) 1,371 C2 clusters®
triangles, distribution for the power-law part of
the (total) 179 C3 clusters (C3 data was col-
lected using the online version of the Science
Citation Index (SCISEARCH, at the host
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tation und Information, Cologne)).

of the ‘coastline’ of individual islands or
fragments.

The ‘island area’ can be compared with
size or ‘volume’ of the co-citation clusters,
that is g = A. The citing papers constitute
the cluster size and in geometrical terms
may be considered as unit surface or unit
volume elements. Comparing equations
(1) and (2) gives 1/y=D/D_. ] am primarily
interested in the fractal fragmentation
dimension D of the co-citation cluster dis-
tribution. Assuming, to a first approxima-
tion, that the form of the co-citation clust-
ers is regular (the clusters have a smooth
‘coastline’), I put D, = 1, and therefore
y = 1/D. This agrees with the Mandelbrot’
generalization of the Zipf frequency dis-
tribution recently used to describe the size
distribution of species in ecosystems’. For
the C2 clusters, y(C2) = 0.71, so that
D(C2) = 1.41, and for the C3 clusters,
y(C3) = 1.09, which gives D(C3) = 0.92.
The fractal dimension of C2 clusters is
significantly higher than for C3 clusters.
These results agree qualitatively with

‘i results for “fractal landscapes’ (which
! mimic those generated from brownian
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| motion’), in particular the relation
. between degree of fragmentation and the
fractal dimensions of island size distribu-
tions’. A striking characteristic of these
fractal landscapes is that the higher the
fractal dimension 1 <D=<2, the more frag-
mentation of larger islands occurs.

What is the meaning of a fractal dimen-
sion of information space as represented
by co-citation clustering? The size dis-
tribution of the co-citation clusters is a
snapshot of a dynamical process, reflect-
i ing the presence of established fields and
the emergence of new specialities. Like
fractal distributions in ecological systems’
one may consider co-citation clusters as
a representation of the ecosystem of
. scientists.

In this model, the structure of the eco-
system is strongly related to some optimal
distribution of energy, mass and infor-
mation. If co-citation clusters represent
‘species of scientists’, then the fractal
cluster distribution gives a measure of the
diversity of the research community, that
is, the distribution of individuals among
species owing to the optimization of flows
of ‘mass’ (scientists, budgets) and infor-
mation. For the small C2 and C3 clusters
there is a deviation from the power-law
behaviour and for such small clusters, the
parameters that determine their structure
and relations (such as flow of people,
money and information) are much more
subject to a random process, whereas for
the larger clusters, the underlying dynam-
ics follows particular patterns yielding
fractal distributions. Fractal geometry is
known to be closely related to the problem
of describing the propagation of order in
non-equilibrium systems. Therefore. the
fractal model of co-citation clustering is an
interesting starting point for further
- modelling of scientific ecosystems.

Very recently we determined the size
distribution of the nearly 10,000 C1 clust-
ers, the ‘finest’ fragmentation of science
(in terms of co-citations). A fractal dimen-
sion of D=2.0 is found, which is in line
with the findings for the C2 and C3
" clusters.
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