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Cat states, as an important resource in the study ofmacroscopic quantumsuperposition andquantum
information applications, have garnered widespread attention. To date, preparing large-sized optical
cat states has remained challenging. We demonstrate that, by utilizing interaction-free measurement
and thequantumZenoeffect, even a fragile quantummicroscopic systemcandeterministically control
and become entangled with strong light fields, thereby generating large-amplitude optical cat states.
During the entire preparation process, our method ensures that the microscopic system functions
within aweak field environment, so that its quantumproperty can be protected. Furthermore,we show
that the preparation of cat states is possible even when the quantum microsystem suffers from
significant photon loss, provided that optical losses from classical devices are kept low, which implies
that the fidelity of the cat state canbe enhancedby improvements to and the perfection of the classical
optical system.

Schrödinger’s gedanken experiment involving a cat in a superposition of
dead and alive states vividly demonstrates the magical picture of quantum
superposition on a macro scale1. In modern physics, this cat state (CS) is
usually representedby the superpositionof twodistinct coherent states |±α〉,
which can generally be considered orthogonal when |α| ≥ 2. With the
increase of amplitude |α|, CS gets closer to the macroscopic superposition,
making it an important resource for the study of macroscopic quantum
phenomena. CS is not only attractive from a fundamental point of view2,3,
but also valuable for applications including quantum teleportation4–6,
quantum computing7–11, quantum error correction12–17 and quantum
metrology18–24. After decades of efforts, CS is now being generated on var-
ious platforms3,25–28. However, even for the best experimental results in the
optical domain so far |α| remains less than 229–37, and it remains a challenge
to increase the value of |α| based on existing methods. For example, the
widely studied photon subtraction method29–33,38,39, which is a probabilistic
method based on post-selection, has low probability of success for gen-
erating large-amplitude CS. Another approach that has attracted a lot of
attention is the synthesis method36,40,41, which uses a pre-prepared CS as a
seed to grow large-amplitudeCS.However, thismethod is still limited by the
amplitude of the pre-prepared CS. Furthermore, a deterministic method
that based on light-matter interaction42 has recently been demonstrated
experimentally37. In this method, CS is generated by direct interaction

between an incident coherent light pulse and a single-side cavity containing
a three-level atom37,42–45. Its basic idea is to use normal-mode splitting43 to
control the phase of the reflected coherent light field. In the experiment, the
amplitude of the output CS is |α| ≈ 1.437. Unfortunately, this method is
limited in preparing an arbitrarily large |α| CS for a given optical pulse
length, due to the fragility of the atom-cavity coupling system when inter-
acting with a strong light field. As the external field strengthens, a single
atom ultimately cannot prevent the optical field from entering the cavity,
resulting in the reflected field carrying a π phase shift regardless of the
atomic state, similar to what occurs with empty cavity reflection.

Needless to say, optical field is an excellent medium for information
transmission. Considering the practical application requirements that
involve integratingdiverse quantumsystems, aswell as for advanced sensing
and imaging techniques, the generation of optical CS with large amplitudes
and customizable propagation properties becomes not only necessary but
also of significant value. This endeavor represents a pioneering frontier in
the realm of quantum optics, bearing profound implications for both the
theoretical understanding and the advancement of practical quantum
technology46.

In this article, we propose a deterministic method to generate flying
optical CS whose amplitude can be arbitrarily large, provided that optical
losses from classical optical devices remain low. The key step of our scheme
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is to entangle a strong coherent light field with a microscopic quantum
system prepared in a superposition state initially. After the entanglement,
the optical CS is obtained by performing projection measurement on the
quantum microsystem. In response to the situation that a quantum
microsystem is typically very fragile when facing strong light fields, our
solution is to utilize interaction-freemeasurement based on quantum Zeno
effect47–49, which is considered a powerful non-invasive measurement
method that canprotect vulnerable samples. In thiswork,we further apply it
to protect the quantum properties of the microscopic system from
destruction by strong fields. We replace the direct interaction between the
strong light field and the microsystem with a sequence of interactions, each
with only a small fraction of photons actually interacting with the micro-
system. This ensures that the quantummicrosystemalwaysworks in aweak
field environment, making one of the main advantages of this work.
Eliminating the negative influence of strong fields gives liberty of applying
thismethod in awide variety of systems andprovides thepotential for future
applications. More importantly, this indicates that our scheme allows
quantum microscopic systems to manipulate macroscopic counterparts
that are challenging to control directly. In addition, ourmethod has another
important advantage—it can reduce the requirements of quantum micro-
scopic systems. For illustration, we employ the single-side cavity-atom
coupling model37 as our specific quantum microscopic system. Our simu-
lation shows that our scheme becomes less and less sensitive to both atomic
spontaneous emission and detuning between the atom and the cavity as the
number of interactions increases, when other classical optical devices are
ideal. This enables our method to reduce the impact of optical losses ori-
ginating from quantum device (referred to as Type I light loss), with the
main limitation of ourmethod arising from the optical losses introduced by
classical optical devices (referred to as Type II light loss). Finally, it is also

worthmentioning that herewemainly focus on theoptical platform, but our
approach can also be extended to other platforms such as superconducting
microwave resonator50,51.

Results and discussion
General multiple reflection scheme
First, we focus on explaining the principle of our method. More detailed
experimental protocols will be discussed later. We start with the chain
Mach-Zehnder interferometer shown inFig. 1a, which is a commonly used
optical structure for interaction-free measurement52–57. Compared to
conventional interaction-free measurement studies, our scheme has two
distinct features, although these are commonlyused and evennecessary for
CSpreparation. Firstly,we use a coherent light source (S) instead of a single
photon source. Secondly, conventional interaction-free measurement
typically assume that an object has two functions: absorbing photons or
allowing them to pass through. However, our method introduces an
additional function for the object, which is to apply a π phase shift to the
light field passing through it. In details, as shown in Fig. 1a, MR stands for
normal mirror, and BS stands for beam-splitter. The interference occurs
between the lightfields inZones 0 and1,which are located on the lower and
upper sides of BS, respectively, separated by a dotted line. Assuming thatayz
(z = 0, 1) represents the creation operator of the light field in Zone z, the
function of BS can be described by ay0 ! ay0 cos θ þ ay1 sin θ and
ay1 ! ay1 cos θ � ay0 sin θ

49; where cos2 θ represents the reflectivity of BS.
As for the object, it has three states, |pass〉, |block〉, and |phase〉. Firstly, we
discuss the state |pass〉, where the object is transparent, thereby causing
optical interference to occur continuously in Zones 0 and 1. Assuming the
initial state of the light field is such that the field inZone 0 is in the coherent
state |α〉 and thefield inZone1 is in the vacuumstate |0〉, it is represented as
α; 0j i ¼ exp αay0 � α�a0

� �
j0; 0i. After passing throughN number of BSs,

it becomes |α cos Nθ, α sin Nθ 〉58. Apparently, when θ = π/2N, we have |0,
α〉. While when θ = π/N, we have |−α, 0〉. Secondly, we discuss the state
|block〉. In this case, any photon passing through the object is absorbed.
Notice that the object and the light field interact many times. To take into
account all absorbedphotons, wewrite the state of the lightfield as |C0,C1〉|
l1, l2,…lN−1〉, where |Cz=0,1〉 represents photon state in Zone z and |l1, l2,…
lN−1〉 represents the photon absorbed each time. After the light pulse
passing through the first BS, the initial state |α, 0〉|0, 0,…0〉 evolves to
|αcosθ, αsinθ 〉|0, 0,…0〉, and it further becomes |αcosθ, 0〉|αsinθ, 0,…0〉
due to the absorption of the object. Subsequently, the photons remaining
inside the interferometers pass through the next BS and interact with the
object again. Such process repeats N times. After N numbers of BSs, the
photon state is αcosNθ; αcosN�1θ sin θ

�� �QN�1
n¼1 jαcosn�1θ sin θi. Note that

when θ = π/N, asN→∞, we have cosN θ→ 1 and sin θ→ 0. Therefore, as
long as |α|2 is finite, the light field can be frozen in its initial state |α, 0〉|0,
0,…0〉. This alsomeans that the actual number of photons absorbed by the
object during the entire process is close to zero. The object is spared from
being directly exposed to light field due to the interruption of the inter-
ference process, which can be considered the quantum Zeno effect caused
by photon loss. Besides the state |block〉, the state |phase〉 can alsomaintain
the light field in its initial state by applying a π phase shift (ay1 ! �ay1) to
the photons passing through it. When the photons encounter an odd
numberofBS, the state becomes |αcosθ,αsinθ〉, while after passing through
an even number of BS, it becomes |α, 0〉. It’s important to note that the
maximum intensity of photons actually passing through the object during
each interaction is |αsinθ|2. When θ = π/N, this value tends to zero as N
increases, suggesting the freezing of the light field. Consequently, for both
states |block〉 and |phase〉, the object works in a weak field environment.

Above, we have introduced the three states of the object and the cor-
responding dynamic evolutionbehavior of the lightfield. It is easy to see that
if an object is initially in a superposition state of pass

�� �þ blockj i� �
=

ffiffiffi
2

p
or

pass
�� �þ phase

�� �� �
=

ffiffiffi
2

p
, the object can be entangledwith the coherent light

fieldwhen θ = π/N, i.e., j � α; 0i pass
�� �þ jα; 0i block=phase

�� �� �
=

ffiffiffi
2

p
. After

measuring the object with pass
�� �

± block=phase
�� �� �

=
ffiffiffi
2

p
, CS can be

deterministically created.However,whether it turnsout tobe anoddor even

Fig. 1 | Schematic for cat state preparation. S represents the coherent light source,
BS the beam-splitter,MR the normalmirror, SM the switchable mirror, PS the phase
shifter, and C the optical circulator. a Principle model based on a chain inter-
ferometer. bMultiple reflection scheme based on aMichelson interferometer.When
the switchable mirrors (SM) are turned on, the coherent light pulse bounces inside
the interferometer and interacts with the single-side cavity (SSC)M times. The SSC
consists of two mirrors, CMT and CMR, with CMT assumed to have perfect reflec-
tivity under ideal conditions. Only SSC1 contains a three-level atom. c The energy
level structure of the atom, where the cavity mode couples only with the transition
between levels |↑〉 and |e〉. The atom is prepared in superposition
state ðj #i þ j "iÞ= ffiffiffi

2
p

).
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CS is random, each with a 50% probability of occurrence. The even CS
occurs when the measurement result is pass

�� �þ block=phase
�� �� �

=
ffiffiffi
2

p
. As

for the other measurement result, the odd CS is obtained. In addition, it is
worth mentioning that our method can also realize the entangled coherent
state α; 0j i þ 0; αj ið Þ= ffiffiffi

2
p

20,21: To do so, we just need to set θ = π/2N. Given
that the opticalfield is reflected and interactswith the quantumobjectmany
times, we refer to the abovemethod as themultiple reflection scheme in the
following discussion.

Multiple reflection scheme using single-side cavity-atom
coupling system
The above is the basic idea of our method. The next important issue is what
kind of real quantum microscopic system can be used as an object for our
scheme. We have shown that it is optional whether the object absorbs
photons or provides a π phase. The difference is that the latter way does not
introduce any photon loss. In theory, it has better fidelity. Nevertheless,
given that photon loss due to device imperfection is inevitable in real sys-
tems, the former mechanism is also critical. In fact, our later numerical
calculations will show that suchmechanism can evenmitigate the impact of
optical losses caused by the quantum system, indicating that the optical loss
of the quantum microsystem no longer serves as the decisive factor when
choosing a microsystem for our multiple reflection scheme. Microsystems
capable of implementing optical path blocking, such as Rydberg
blockade59–61, photon blockade62, and so on58,63, remain viable candidates for
applying our method. Regardless of the system type, our scheme allows the
microsystem to function properly within a weak field environment. This
represents the primary contribution of our work, enabling our scheme to be
utilized in any given experimental environment and offering potential for
future practical application. In the following, we will analyze a detailed
experimental scheme based on a specific microscopic system in order to
study the performance of our method under realistic conditions.

For illustrative purposes only, we adopt the atom-single side cavity
system37 as our quantummicrosystem. As shown in Fig. 1b, a single atom is
embedded in a single-side cavity SSC1, which is constituted by two facing
mirrors CMR and CMT. Ideally, CMT is assumed to have perfect reflection,
but CMR is allowed for in- and outcoupling of light. The energy level
configuration of the atom is shown in Fig. 1c. The transition between levels
|↑〉 and |e〉 is coupled by the cavitymode.When the atom is in |↑〉, the weak
coherent light pulse, resonantwith the cavity, is prevented fromentering the
cavity due to normal-mode splitting, which results in reflection without a π
phase shift.As for the transitionbetween |↓〉 and |↑〉, it is decoupled from the
cavity mode due to large detuning. Therefore, when the atom is in |↓〉, the
cavity can be treated as an empty cavity. The incident pulse enters the cavity
and reflects back but with a π phase. This atom-cavity coupling model has
been directly used to generate CS37,42. After a single reflection (Hereinafter
we call it the single reflection scheme), the atom-field entanglement
ð αj i "

�� �þ �αj i #
�� �Þ= ffiffiffi

2
p

can be generated. Unfortunately, we will later
explain why the method becomes ineffective when the incident light field is
strong, but our solution can address this problem.

Based on the atom-cavity system, our detailed experimental scheme is
presented in Fig. 1b. In order to implement multiple interactions between
the atom and light field, we do not directly use the chain interferometer
structure in Fig. 1a, but rather its equivalent Michelson interferometer. In
the figure, SM stands for switchable mirror (In the experiment, it can be
realized by a fiber switch64 or Pockels cell65–68), which is transparent only at
the beginning and end of preparation. At all other times, it is just a normal
mirror, forcing the light pulse to bounce back and forth inside the inter-
ferometer forM cycles. One cycle is defined by a pulse starting at SM, going
through BS twice, and returning to SM. Because the optical field passes
through the BS twice during each interaction with the atom, we adjust the
parameter of BS to θ = π/2M. In addition, SSC0 is an empty single-side
cavity. Except for the absence of atom, everything else is the same as SSC1. C
stands for optical circulator. PS stands for phase shifter. Unlike other
components, the use of PS is only for the convenience of calculation and
discussion. Its removal does not have a substantial impact on our method.

We assume that PS adds a π phase shift to the light field only as it propagates
from BS to SSC. Its function can be described as ayz ! �ayz , where we still
set ayz (z = 0, 1) as the creation operator of the light field in Zone z.

Initially, the light source emits a coherent pulse into the interferometer,
while the light field in Zone 1 is in a vacuum state. As for the atom, it is
prepared in a superposition state. Accordingly, the initial state of the entire
system is α; 0j i "

�� �þ #
�� �� �

=
ffiffiffi
2

p
. After m number of cycles, the wave-

function of the whole system becomes (See the “System wave-function
calculation” subsection in the Methods)

ψ 2mð Þ�� � ¼ 1ffiffiffi
2

p α; 0j i "
�� �þ α cos 2mθM ; α sin 2mθM

�� � #
�� �� �

ð1Þ

Thedynamic evolutionprocessof the systemcanbebrieflydescribed as
follows. Due to the presence of the empty cavity SSC0, when the atom is in
|↓〉, light field has no phase difference in Zones 0 and 1. Interference con-
tinues to occur, thereby generating |−α〉. On the contrary, when the atom is
in |↑〉, the light field is frozen in |α〉 due to the phase difference between the
two Zones. Consequently, afterM cycles, we have the light-atom entangled
state α; 0j i "

�� �þ �α; 0j i #
�� �� �

=
ffiffiffi
2

p
. We note that the light field is output

from the SM0 end and no photons appear at SM1 side. After measuring the
atom, the optical CS is deterministically prepared.

So far, we have only focused on the ideal case. In the following, we
analyze the performance of our multiple reflection scheme for non-ideal
situation. We show that our scheme is highly durable when it comes to
parameters such as atomic spontaneous emission decay and atom-cavity
detuning. The reason for this is the quantum Zeno effect caused by light
absorption.

Experimental parameter analysis of multiple reflection scheme
based on single-side cavity-atom coupling system
In the upcoming discussion, we utilize numerical simulations to analyze the
impact of various practical parameters, including atomic, cavity parameters,
the number of cycles, and the light loss rates of classical optical devices. We
employ fidelity and cattiness69–71 as metrics to assess the quality of the CS
generated by our method. Additionally, recognizing the critical role of light
loss in CS preparation71, the two types of optical losses categorized in the
introduction are the focus of our discussion. The first type is caused by the
quantum system, specifically the atom-cavity interaction, while the second
type solely originates from classical optical devices.

To begin with, we briefly outline the definitions of each parameter.
Regarding the practical atom-cavity system (SSC1), the incident light field is
not only reflected, but also transmitted and scattered. To evaluate these
effects, we set that 2γ and ωa as the spontaneous emission decay rate and
transition frequency of the atomic transition between |e〉 and |↑〉, respec-
tively. The coupling constant between the cavity mode of frequency ωc and
the atomic transition is g. The atom-cavity detuning is Δ =ωa − ωc.
Moreover, we set κR(T) as the cavity field decay rate into the external light
fieldon theCMR(T) side.Given that the atomishardly excited inour scheme,
as long as the condition of slowly varying light intensities is satisfied37,45,72,
SSC1 can be well described by the input-output theory73,74. Suppose that
|αi,1↑〉 is the incident coherent lightfield fromCMR1 sidewhen the atom is in
|↑〉. The cavity reflection |αR,1↑〉 satisfies (See the “Input-output theory for
the atom-cavity coupling system” subsection in the Methods)

αR;1" ¼ 1� 2κR iΔþ γ
� �

κ iΔþ γ
� �þ g2

" #
αi;1" ¼ jηR;1"jeiβR;1"αi;1" ð2Þ

where κ = κR+ κT, |ηR,1↑|
2 is the reflectivity and βR,1↑ describes the phase of

the reflection. Similarly, for the transmission of the cavity |αT,1↑〉, we have

αT;1" ¼ � 2 iΔþ γ
� � ffiffiffiffiffiffiffiffiffiffi

κTκR
p

κ iΔþ γ
� �þ g2

αi;1" ð3Þ
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Regarding the scattering field |αS,1↑〉 due to the atomic spontaneous
emission, we have

αS;1" ¼ 2g
ffiffiffiffiffiffiffi
κRγ

p
κ iΔþ γ
� �þ g2

αi;1" ð4Þ

As for the situation that the atom is in |↓〉, we still assume that the atom
is completely unaffected by the cavity mode due to the large detuning.
Therefore, SSC1 in such case can be treated the same as the empty cavity
SSC0. By setting g = 0 in Eqs. (2)–(4), we can immediately obtain the cor-
responding reflection and transmission. As for the scattering light field,
it is 0.

Beforewe continue our parameter analysis, let usmake somenecessary
discussions about Eqs. (2)–(4). They constitute the mathematical founda-
tion of the single reflectionmodel, and seemunrelated to the intensity of the
input light |α|2. It is true that the single reflection model allows for a certain
degree of flexibility in |α|2. However, to derive Eqs. (2)–(4), the weak exci-
tation approximation is required (see Eq. (15) in Methods), meaning that
the light field inside the cavity cannot be too strong. This leads to the
requirement that the cavity parameter κR not be too large, and similarly, the
intensity of the incidentfieldor thepeakvalueof the incidentpulsemust also
be constrained. In fact, when parameters such as κR, κT, γ, Δ, g and pulse
length are fixed, increasing the intensity of the incident light always inva-
lidates Eqs. (2)–(4). Consequently, to guarantee the single reflection model
functions properly, further improvement of the system parameters is
necessary.Overcoming these limitations is one of the objectives of ourwork.
Our scheme ensures that the single-side cavity-atom coupling system can
always work under the appropriate external field intensity. This effectively
leads to avoid thedifficulties brought aboutby improvementof the quantum
system. From this perspective, our method is not a negation of the single
reflection method. The core principle of our approach is to enhance and
broaden the operational range of the atom-cavity coupling system. The two
methods are complementing each other.

Based on Eqs. (2)–(4), we can numerically simulate the dynamic
evolution of the input coherent pulse, and the fidelity of the output in the
multiple reflection scheme. We suppose that the target state is
jψTi ¼ ðjαij"i þ j � αij#iÞ= ffiffiffi

2
p

, and the final state of the whole system
after M cycles is jψf i ¼ ðjC0"ijloss"ij"i þ jC0#ijloss#ij#iÞ=

ffiffiffi
2

p
with

jloss"ð#Þi ¼ jC1"ð#Þi �
QM

m¼1jαðmÞ
T;0"ð#ÞijαðmÞ

S;0"ð#ÞijαðmÞ
T;1"ð#ÞijαðmÞ

S;1"ð#Þi. Here

state |Cz↑(↓)〉 (z = 0, 1) denotes the outputs appearing at SMz side when the

atom is in state |↑(↓)〉. jαðmÞ
T;z"ð#Þi denotes the transmission field generated by

SSCz in the m-th cycle, while jαðmÞ
S;z"ð#Þi denotes the scattering field. Given

that |loss↑(↓)〉 includes all optical losses caused by the atom-cavity
coupling system, the fidelity is calculated by taking the trace of |loss↑(↓)〉,
i.e., F ¼ TrlossfhψTjψf ihψf jψTig ¼ fhαjC0"ij2 þ jh�αjC0#ij2 þ 2Re
½hαjC0"ihC0#j � αihloss#jloss"i�g=4: In addition to fidelity F, we also
investigate cattiness69–71, Ca = (|〈loss↑|loss↓〉|

2 − |〈C0↑|C0↓〉|
2)|C0↑− C0↓|

2/4.
Detailed calculations can be found in the “Cattiness calculation” subsection
in the Methods. This physical quantity characterizes the purity of the pre-
pared CS. Its maximum value is equal to |α|2. Apparently, Ca is more sen-
sitive to light loss compared to F, since its value is related to |〈loss↓|loss↑〉|

2,
while F is solely related to |〈loss↓|loss↑〉|.

As a comparison, we simulate the single reflection model37 as well.
More specifically, the input |α〉 is directly reflected by SSC1, and the cor-
responding output state is ðjαR;1"ijloss"ij"i þ jαR;1#ijloss#ij#iÞ=

ffiffiffi
2

p
with

|loss↑(↓)〉 = |αT,1↑(↓)〉|αS,1↑(↓)〉. In this model, the constraints on the atomic
parameters γ and Δ can be directly obtained from Eq. (2). For the empty
cavity case (atom is in |↓〉), as long asκT = 0, the ideal reflectionαR =−αi can
be obtained. As for the case where the atom is in |↑〉, the condition for ideal
reflection αR = αi is Δ = γ = κT = 0. If only γ is non-zero, we can see that the
ideal reflection can be approximately achieved only when γ ≪ g2/κR. As γ
increases, the cavity reflectivity |ηR,1↑|

2 decreases monotonically until it
drops to 0 when γ = g2/κR. In other words, γ causes of the first type of light

loss. If we focus on Δ, however, it only affects βR,1↑ when γ = κT = 0, since |
ηR,1↑|

2 = 1. AsΔ varies from−∞ to∞, βR,1↑ decreasesmonotonically from π
to−π. In order to ensure that βR,1↑ is close to 0, the constraint Δ≪ g2/κR is
required. Our subsequent numerical simulations will demonstrate that
satisfying the constraints γ≪ g2/κR andΔ≪ g2/κR is necessary for the single
reflection model to function properly. In our multiple reflection scheme,
however, the above constraints are relaxed.

Effect of atomic spontaneous emission decay rate γ. The atomic
parameter γ is the primary source of the first type of light loss. To analyze
its effect, we plot the fidelity F and cattiness Ca against eγ ¼ κRγ=g

2 with
g = 2π × 7.8 MHz, κR = κ = 2π × 2.3MHz and Δ = 0 in Fig. 2, where 1=eγ is
the cooperativity. In this simulation, we assume that all classical optical
devices such as SM are ideal. The yellow dotted-dashed curve is plotted
for the single reflectionmodel with |α|2 = 4, which has almost reached the
upper limit of such model37. The remaining curves illustrate the multiple
reflectionmodel. Red curves correspond to |α|2 = 4, black to |α|2 = 10, and
blue to |α|2 = 16. Dotted curves are used for M = 5, dashed curves for
M = 20, solid curves for M = 100, and double-dotted-dashed curves for

M = 1000. In addition, vmax is plotted in Fig. 2c forM = 20, where vmax ¼

max α 1ð Þ
i;1"

��� ���2; α 2ð Þ
i;1"

��� ���2; . . . ; α mð Þ
i;1"

��� ���2 . . .	 

is the maximum value of the

average photon number reaching SSC1 in each single cycle across all
cycles when the atom is in |↑〉. As shown in the figure, vmax is always less
than 1 (For other M, the situation is similar), which validates the low
atomic excitation probability condition, hence Eqs. (2)–(4) are valid for
simulations.

By comparison, we can see that the multiple reflection scheme out-
performs the single reflection scheme. In our scheme, it is evident that
fidelity increases asM increases.Whereas for larger |α|2, largerM is required
to achieve the same fidelity. More importantly, for γ much larger than
2π × 3.0MHz (This value is taken from the experiment37. It corresponds toeγ≈0:11 and has been marked in the figure), our scheme can still provide
large F. To better explain the result, we consider the extreme case wheneγ ¼ 1,whichmeans all photons reaching SSC1 in a single cycle are lostwhen
the atom is in |↑〉. Under such conditions, the interference between Zone 0
and Zone 1 is continuously interrupted, resulting in the output light field
state inZone 0becomes |αcos2(π/2M)cosM−1 2(π/2M)〉≈ |α(1−π2/2M)〉48,49,
where the approximation is valid whenM is sufficiently large. It is evident
that whenM≫ |α|, the output photon state approaches |α〉, signifying that
the total light loss induced by the atom-cavity coupling system over the
entire preparation process (M cycles) is actually significantly suppressed.
This phenomenon is a manifestation of the quantum Zeno effect, which is
caused by photon loss in the individual atom-cavity coupling system. We
note that the cumulative loss is directly proportional to |α|2 and inversely
proportional to M, which explains why in Fig. 2a, the larger M and the
smaller |α|2, the better the fidelity. So far, our discussion is about eγ ¼ 1. As
for the case of 0 <eγ < 1, the situation is similar. There is a mixture of two
physical mechanisms. The first is to maintain the initial state by phase
modulation, which does not cause any photon loss. The second is the
quantum Zeno effect, which brings photon loss to the entire system. As eγ
increases, the role of the second mechanism becomes increasingly impor-
tant. Fortunately, by increasingM, the total loss can be greatly suppressed,
which indicates that thequantumZenoeffectdetermines the lowerboundof
fidelity of our scheme. Together, the above twomechanisms ensure that our
schemehashigherfidelity andhigher tolerance to γ than the single reflection
scheme asM increases. In addition, since the condition γ≪ g2/κR is relaxed,
it implies that our scheme does not require strong coupling between atom
and cavity when the value of γ is fixed.

Regarding cattiness, due to its greater sensitivity to light loss, achieving
high cattiness requires much smaller light loss than the fidelity case. This
necessitates a larger value of M. Consequently, we have plotted the blue
double-dotted dashed curve for |α|2 = 16,M = 1000 in Fig. 2b. It is evident
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that evenwhen the light loss in an individual atom-cavity coupling system is
100%, the cattiness can still exceed10. In conjunctionwithourdiscussionon
fidelity, even for significantly large values of |α|2, our scheme can ensurehigh
fidelity and cattiness, provided the condition M ≫ |α| is satisfied. This
means that Type I loss does not limit the size of CS that our scheme can
produce.

Effect of atom-cavity detuning Δ. Following the analysis of γ, we dis-
cuss the impact of Δ. We have shown that by interrupting the inter-
ference, the transmission of the light field from Zone 0 to Zone 1 can be
suppressed. Note that the phase mismatch between the two Zones also
interrupts the interference, we expect that our scheme can have high
tolerance of Δ as well. In Fig. 3, we plot fidelity F and cattiness Ca againsteΔ ¼ κRΔ=g

2. Solid curves are plotted for γ = 0. Dashed curves are for
γ = 2π × 3.0MHz. The values of g, κR and κT are the same as in Fig. 2. In
addition, the yellow curves are plotted for the single reflection model
with |α|2 = 4. As for the multiple reflection model, the red curves are for

|α|2 = 4, M = 5, the black curves are for |α|2 = 10, M = 20 and the blue
curves are for |α|2 = 16,M = 100, respectively. As shown in Fig. 3, even for
large |α|, as long as M is large, our scheme can be less sensitive to Δ.
Moreover, since Δ does not induce optical losses, the responses of F and
Ca to different M are consistent.

Effect of the atomicdecoherence. Besides the atomic parameters γ and
Δ, next we provide a discussion about the influence of the decoherence
between the atomic states |↓〉 and |↑〉. Obviously, our scheme requires the
atom to remain in superposition at least until the end of M cycles.
Nevertheless, we need to mention that the multiple reflection processes
hardly affect the atomic decoherence. In our scheme, when the atom is in
|↑〉, the low atomic excitation probability can be satisfied. As for the atom
in |↓〉, it is not coupled to the light field. We note that the atomic
superposition state has been reported to last about 400 μs75,76, whereas the
full-width at half-maximum of the light pulse that is employed in the

Fig. 3 | Influence of atom-cavity detuning.
aFidelityF and (b) cattinessCa versus dimensionlesseΔ ¼ κRΔ=g

2 with g = 2π × 7.8 MHz and
κR = κ = 2π × 2.3 MHz. The solid curves are plotted
for γ = 0, and dashed curves are for γ = 2π × 3.0
MHz. The yellow curves represent the single
reflection model with |α|2 = 4, while other curves are
for the multiple reflection scheme.

Fig. 2 | Influence of atomic spontaneous
emission decay. a Fidelity F and (b) cattiness Ca

versus dimensionless eγ ¼ κRγ=g
2 with g = 2π × 7.8

MHz, κR = κ = 2π × 2.3 MHz and Δ = 0. The yellow
dotted-dashed curve represents the single reflection
case. Other curves represent the multiple reflection
case with different colors indicating different |α|2

and different styles indicating differentM. cWe plot
vmax versus eγ whenM = 20, where vmax is the max-
imum value of the average photon number reaching
SSC1 in each single cycle across all cycles when the
atom is in |↑〉.
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experiment of single reflection model is 2.3 μs37. Therefore, it is possible
for our scheme to be completed before the decoherence.

Effect of light loss caused by classical optical devices ε. So far, we
have primarily discussed atomic parameters and optical losses due to
atom (Type I loss). Next, we explore the impact of Type II loss, caused
by classical optical devices, while keeping Type I light loss constant. We
postulate that the loss rate per cycle outside the cavity is denoted by ε.
Accordingly, the cumulative loss rate over the entire preparation pro-
cess can be approximated asMε, given that (1− ε)M ≈ 1−Mε under the
assumption of a small ε. Furthermore, considering the symmetrical of
the optical devices on both arms of the interferometer, it is reasonable to
assume that Type II loss is identical for each arm. Consequently, ε can
be expressed as the sum of the light losses from each optical device
located on a single arm of the interferometer. To facilitate our discus-
sion, we assume that all optical devices are ideal, except for the
switchable mirror SM (We also assume that irrespective of whether SM
is turned on or off, its light loss rate remains constant). When coherent
light |βz〉 incident upon SMz (z = 0,1), the reflected field is denoted as
j ffiffiffiffiffiffiffiffiffiffiffi

1� ε
p

βzi, and the lost light field can be represented as j ffiffi
ε

p
βzi. In our

simulation, the effect of these loss terms j ffiffi
ε

p
βzi from different cycles is

accounted for by taking the trace, similar to our treatment of the cavity
mentioned earlier.

In Fig. 4, we plot ε against effective fidelity Fef = Trloss{〈ψef|ψf〉}, catti-
ness Ca, and output intensity |αef|

2 for different |α|2 andM. Here, Fef differs
fromF in that the target state is set as ψef

�� � ¼ αef
�� � "

�� �þ �αef
�� � #

�� �� �
=

ffiffiffi
2

p
with αef =−C0↓ = α[(κR− κT)/(κT+ κR)]

M. Note that |C0↓〉 is the output
when the atom is in |↓〉, where interference occurs between the two empty
cavities. If the optical parameters of these two cavities are the same, only
intensity of the output is affected and reduced from |α|2 to |αef|

2. For the
cavity-atom system, the parameters are set as g = 2π × 7.8MHz,
κR = 2π × 2.3MHz, and γ = 2π × 3.0MHz, aligning with actual cavity
characteristics. However, for κT, we set it to zero. Based on the above
parameters, the corresponding Type I loss is about 36.6%. Before we begin
analyzing the impact of Type II light loss, it is important to note that the role
of κT can be simulated with ε, since the main impact of κT is on the empty
cavity light loss. This loss can be added to other Type II losses. Therefore,

here we simply treat it as 0. Detailed explanations regarding κT are pro-
vided later.

For comparison, we have also plotted the curves corresponding to the
single reflection model with |α|2 = 4 (the yellow dotted-dashed curves). In
this scenario, both Fef and Ca demonstrate minimal impact from ε, indi-
cating that the key factor affecting the single reflectionmodel here primarily
stems from the optical losses in the individual atom-cavity system
(Type I light loss). In this context, we utilize the yellow curve as a baseline to
assess the quality of CS preparation in the multiple reflection model. From
Fig. 4a, b, it can be observed that when ε is large, the multiple reflection
model suffers fromType II light loss, with both Fef andCa falling below that
of the single reflection model. As M increases, the situation deteriorates
further. However, as ε decreases, a dramatic shift occurs. Both Fef and Ca

begin to outperform the single reflection case and rapidly increase. Smaller
values of |α|2 andM exhibit a higher tolerance to Type II light loss, but larger
M values can achieve greater maximal values of Fef and Ca (at ε = 0). As a
result, there areobservable intersections of curves fordifferentMvalues for a
given |α|2, which implies that it’s possible to obtain better fidelity using
higher M. For larger values of |α|2, such improvements due to M are only
noticeablewhen ε is closer to zero. All these observed effects are because that
the impact of Type I losses gradually becomes dominant as ε approaches
zero, andourmethod effectively suppresses the influence ofType I light loss.
It’s important to recognize that in the single reflection model, Type I light
losses can only be reduced through improvements in the atom-cavity sys-
tem. In contrast, our multiple reflection approach, while not immune to
light losses from classical optical devices, offers a method to reduce the
stringent requirements on quantummicroscopic system. This is the central
and distinctive feature of our work.

To pave the way for the initiation of proof-of-concept experiments, we
also provide two tables specifying the loss tolerances for classical optical
devices in a single cycle. These loss tolerances are required to achieve certain
levels of effective fidelity and cattiness under varying conditions of |α|2 and
M. The tables reveal that, to achieve over 70% effective fidelity in conditions
with |α|2 ≤ 4 andM ≤ 10, our scheme’s tolerance for Type II loss can be close
to or even exceed 2%. For larger |α|2, however, our scheme requires much
smaller ε. Hence, for our scheme, the constraint on preparing large-sizedCS
is tied to the quality of classical optical devices.

Fig. 4 | Influence of light loss caused by classical
optical devices. a Effective fidelity Fef, (b) cattiness
Ca, and (c) the output intensity |αef|

2 versus ε with
g = 2π × 7.8 MHz, γ = 2π × 3.0 MHz,
κR = κ = 2π × 2.3 MHz, and Δ = 0. The yellow
dotted-dashed curves represent the single reflection
model with |α|2 = 4, and other curves represent the
multiple reflection scheme with different |α|2 andM.
The target state is αef

�� � "
�� �þ �αef

�� � #
�� �� �

=
ffiffiffi
2

p
.

https://doi.org/10.1038/s42005-024-01617-6 Article

Communications Physics |           (2024) 7:134 6



Discussion on the cavity parameter κT and potential approaches to
reduce light loss in empty cavity. Next, we provide additional expla-
nation and clarification on the role of κT.We note that κT causes light loss
when the atom is in either |↑〉 or |↓〉, thus affecting both the first and
second types of light loss. However, when the atom is in |↑〉, according to
Eqs. (3)–(4), and the fact that g > γ≫ κT

37, the loss caused by light field
passing through the atom-cavity coupling system (Eq. (3)) is much
smaller than the light loss caused by atomic scattering (Eq. (4)). As for
Eq. (4), since κT ≪ κR, the influence of κT can be neglected. Hence, the
Type I light loss due to κT is not our primary concern. In the scenario
where the atom is in |↓〉 and does not participate in the interaction, the
light transmission through the empty cavity falls under Type II light loss.
In other words, the effect of κT can be accounted for in ε. According to
Eq. (2), the light loss rate of the empty cavity after a single reflection is 1−
|(κT− κR)/(κT+ κR)|

2. In the experiment37, the cavity parameters are
κT = 2π × 0.2 MHz and κR = 2π × 2.3MHz, which results in ε ≈ 29% even
if other optical devices are ideal, while after a few reflections, almost all
photons are lost. Therefore, this cavity is unfortunately not suitable for
our scheme. To reduce the optical losses, one needs either decrease κT or
increase κR. The latter is simpler in practice. However, although
increasing κR can reduce photon loss during the interference of two
empty cavities (The atom is in state |↓〉), it also increases photon loss in
the presence of atom-cavity coupling (The atom is in state |↑〉). To verify
this, we plot Fig. 5 with |α|2 = 8, γ = 2π × 3.0 MHz, and Δ = 0. In Fig. 5a
(forM = 10) and 5b (forM = 50), we plot the effective fidelity Fef against
κR. Solid curves represent κT = 2π × 0.02 MHz, while dashed curves
represent κT = 2π × 0.002MHz. The corresponding light loss rate of the
empty cavity is approximately 3.4% for κT = 2π × 0.02MHz and 0.35%
for κT = 2π × 0.002MHz when κR = 2π × 2.3 MHz. Black curves are for
g = 2π × 7.8 MHz, red for g = 2π × 15MHz, and blue for g = 2π × 30MHz.
As for Fig. 5c, d, the green curves are plotted for |αef|

2, while curves of
other colors represent Ca. It is observed that Fef can be significantly
improved as κT decreases. Regarding κR, as it initially increases, |αef|

2

rapidly rises to its maximum value 8, which causes Fef to increase. Sub-
sequently, photon loss due to atom-cavity coupling plays a major role,
resulting in the decrease of Fef. Particularly, it’s noteworthy that for the
black solid curve, whenFef starts to decrease, its corresponding |αef|

2 is not
close to 8. The reason is that κR is approaching the limit g2/γ. Under such
limit, the photon loss of a single reflection on SSC1when the atom is in |↑〉
is almost 100%. Therefore, we choose larger values of g to raise the limit so
that the corresponding |αef|

2 of maximum Fef can get closer to the max-
imum value 8, thereby increasing Fef. This phenomenon is verified in
Fig. 5. Moreover, in the blue curves, κR maintains a wide range of high
fidelity. This is due to relaxed constraint of g2 ≫ κRγ in our scheme.
However, we must emphasize that achieving high fidelity does not
necessarily require increasing g. By decreasing κT, we can achieve the
same purpose. In fact, the motivation of this work is to reduce the
influence of the atom, and to show that the performance of our protocol
can be improved by just upgrading the classical optical system, such as the
parameters κT and ε.

Regarding the impact ofM, we provide a brief explanation here.When
κR is small, significant Type II light loss leads to a decrease in our scheme’s
performance with larger M values, as depicted in Fig. 5. However, as κR
increases, leading to a decrease in Type II light loss, larger M values can
ultimately offer improved Fef and Ca.

Discussion on pulse length and interferometer size. Based on the
above analysis of various experimental parameters, we now discuss the
requirements of our scheme for the duration of the incident pulse. It is
noteworthy that the influence of the atom-cavity coupling system on the
wave packet waveshape during a single reflection process has been
discussed42. The results indicate that to shorten the pulse length by half,
while maintaining the reflected waveshape unchanged is necessary to
double κR. For the single reflection model, an increase in κR amplifies
Type I losses, resulting in reduced fidelity, hence is not a favorable option.
In our scheme, however, since Type I losses can be mitigated, increasing

Fig. 5 | Influence of cavity parameters. a,bEffective
fidelity Fef, (c, d) cattiness Ca, and the output
intensity |αef|

2 versus κR with varying g,M, and κT in
the multiple reflection model, where other para-
meters are set as |α|2 = 8, γ = 2π × 3.0 MHz, and
Δ = 0. The target state is αef

�� � "
�� �þ �αef

�� � #
�� �� �

=ffiffiffi
2

p
. Solid curves represent κT = 2π × 0.02 MHz, and

dashed curves represent κT = 2π × 0.002MHz. The
green curves are plotted for |αef|

2 only, while curves
in other colors represent Fef and Ca. Black corre-
sponds to g = 2π × 7.8MHz, red to g = 2π × 15MHz,
and blue to g = 2π × 30MHz.
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κR is feasible. For example, in the experiment37, the pulse duration is
Tp = 2.3 μs, and the cavity parameter κR is 2π × 2.3MHz. According to
our simulations in Fig. 5, when |α|2 = 8, M = 50, κT = 2π × 0.002MHz,
and κR = 2π × 10MHz, the effective fidelity of the output CS in our
scheme is about 0.75. With κR increased by approximately 5 times, the
pulse length used in our scheme can be shortened 5 times under the
condition of keeping waveshape unchanged, i.e., to Tp ≈ 0.5 μs.

We, so far, stipulated that the waveshape of the reflected pulse remains
unchanged. This is a requirement from the single reflectionmodel, but not a
necessity in our scheme. This is due to the fact that when the atom is in |↓〉,
interference occurs between the two empty cavities, and even if the reflected
waveshape distorts, it does not affect the interference process. Conversely,
when the atom is in |↑〉, the role of the atom is merely to disrupt the
interference. In this case, the light field is primarily concentrated on the
empty cavity side, and thewaveshapeof the reflectedpulse is still determined
by the empty cavity reflection. Consequently, variations in thewaveshape of
the output pulse do not affect the generation of CS. This facilitates further
compression of the pulse length in our scheme.

Next, we briefly discuss the size of the interferometer. If we define
the size of the interferometer by the distance L between SM0 and SSC0, to
ensure that the light-matter interaction in two cycles does not interfere
with each other, it implies that L needs to be greater than the half pulse
length, i.e., L ≥ (Tpc)/2, where c is the speed of light. Hence, the total
flight distance of the pulse in the entire CS preparation process isMTpc.
For a pulse durationTp = 2.3 μs, Lneeds to be at least 350 m, and the total
flight distance falls within the kilometer scale. Given such distances,
employing optical fibers to construct the interferometer is a reasonable
choice. Regarding the requirements for light loss from classical optical
devices, one can refer to Tables 1 and 2 we provided. We note that the

parameter κR in these tables is specified as 2π × 2.3 MHz. Increasing it
allows us to further compress the pulse duration. For instance, setting κR
to 2π × 10MHz results in a pulse duration Tp of 0.5 μs, with minimum L
adjusted to 75 m. By fixing other parameters at (g,γ) = 2π × (7.8, 3.0)
MHz and κT = Δ = 0, along with using M = 20 and the best-reported
optical fiber, which has an average attenuation of less than
0.157 dB km−177 (the corresponding Type II loss is about 0.53%), the
effective fidelity of the output CS is about 0.77 for an input light field of |
α|2 = 3. In this estimate, we have not yet accounted for other classical
optical losses, such as those from SM and fiber-cavity coupling. If we set
these additional losses to 2%, the effective fidelity reduces to 0.63. While
our scheme can shift the source of errors from the atomic system to
classical optical systems, it also demands higher manufacturing tech-
nology standards for existing optical devices.

Lastly, we address the requirements for the SM. In addition to light loss
restrictions, there are also requirements for its response time Ts. One pro-
mising candidate of SM is Pockels cell65–68. Applying high voltage, it can
rotate the polarization of the light field by 90 degrees, facilitating the
extraction of the light field from the interferometer. Its response time is in
the nanosecond range. Hence, Ts can be significantly shorter than the
duration of the pulseTp. Strictly speaking, to ensure that the transmission of
the pulse is uninterrupted, the length of L should be (Tp+ Ts)c/2, which
means there needs to be a sufficient time window allowed for the change of
state in the Pockels Cell. However, since Ts≪ Tp, L is primarily determined
by Tp.

Conclusions
We propose a method for generating macro-micro entanglement based
on the interaction-free measurement and the quantum Zeno effect. Our

Table 1 | Impact of classical optical devices on fidelity

Effective fidelity Fef ≥ 70% Fef ≥ 80% Fef ≥ 90% Fef ≥ 95%

|α|2 M ε ε ε ε

3 6 ≤3.91 × 10−2 (|αef|2 = 2.36) ≤1.31 × 10−2 (|αef|2 = 2.77)

3 10 ≤2.95 × 10−2 (|αef|2 = 2.22) ≤1.21 × 10−2 (|αef|2 = 2.66) 1.87 × 10−3 (|αef|2 = 2.94)

4 8 ≤2.14 × 10−2 (|αef|2 = 3.36) ≤7.31 × 10−3 (|αef|2 = 3.77)

4 10 ≤1.91 × 10−2 (|αef|2 = 3.30) ≤7.36 × 10−3 (|αef|2 = 3.72) ≤2.38 × 10−5 (|αef|2 = 4.00)

4 50 ≤5.18 × 10−3 (|αef|2 = 3.08) ≤2.53 × 10−3 (|αef|2 = 3.52) ≤9.17 × 10−4 (|αef|2 = 3.82) ≤3.05 × 10−4 (|αef|2 = 3.94)

8 20 ≤4.53 × 10−3 (|αef|2 = 7.31) ≤1.81 × 10−3 (|αef|2 = 7.71)

8 50 ≤2.22 × 10−3 (|αef|2 = 7.16) ≤1.09 × 10−3 (|αef|2 = 7.58) ≤3.36 × 10−4 (|αef|2 = 7.87) ≤3.96 × 10−5 (|αef|2 = 7.98)

16 50 ≤9.47 × 10−4 (|αef|2 = 15.3) ≤4.18 × 10−4 (|αef|2 = 15.7) ≤5.50 × 10−5 (|αef|2 = 16.0)

We specify the tolerance to light loss (ε) required by classical optical devices in a single cycle to achieve a specific effective fidelity (Fef) across various |α|2 andM values. The corresponding output light
intensity |αef|2 is indicated in parentheses. The parameters are set as (g, γ, κR) = 2π × (7.8, 3.0, 2.3) MHz and κT =Δ = 0.

Table 2 | Impact of classical optical devices on cattiness

Cattiness Ca ≥ 50%|α|2 Ca ≥ 60%|α|2 Ca ≥ 70%|α|2 Ca ≥ 80%|α|2

|α|2 M ε ε ε ε

3 6 ≤2.48 × 10−3 (|αef|2 = 2.96)

3 10 ≤4.67 × 10−3 (|αef|2 = 2.86) ≤2.02 × 10−3 (|αef|2 = 2.94)

4 8 ≤1.53 × 10−3 (|αef|2 = 3.95)

4 10 ≤2.43 × 10−3 (|αef|2 = 3.90) ≤4.13 × 10−4 (|αef|2 = 3.98)

4 50 ≤1.37 × 10−3 (|αef|2 = 3.73) ≤9.37 × 10−4 (|αef|2 = 3.82) ≤5.79 × 10−4 (|αef|2 = 3.89) ≤2.76 × 10−4 (|αef|2 = 3.95)

8 20 ≤6.81 × 10−4 (|αef|2 = 7.89) ≤1.45 × 10−4 (|αef|2 = 7.98)

8 50 ≤6.04 × 10−4 (|αef|2 = 7.76) ≤3.83 × 10−4 (|αef|2 = 7.85) ≤1.99 × 10−4 (|αef|2 = 7.92) ≤4.12 × 10−5 (|αef|2 = 7.98)

16 50 ≤1.99 × 10−4 (|αef|2 = 15.8) ≤8.83 × 10−5 (|αef|2 = 15.9)

Wespecify the tolerance to light loss (ε) requiredbyclassical optical devices in a single cycle toachievea specific cattiness (Ca) across various |α|2 andM values. Thecorrespondingoutput light intensity |αef|2

is indicated in parentheses. The parameters are set as (g, γ, κR) = 2π × (7.8, 3.0, 2.3) MHz and κT =Δ = 0.
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method allows for the deterministic preparation of optical CS with
arbitrarily large average photon numbers. Because only a small fraction
of photons actually interacts with the quantum microsystem during
multiple interactions, our method avoids directly exposing the quantum
microsystem to a strong light field. This indirect control mechanism is a
key feature of our work. Another significant feature of our work is the
tolerance it shows for photon loss within the quantummicrosystem.We
show that the state |−α〉 is generated through multiple optical inter-
ferences, independent of the quantum microsystem. Conversely, the
state |α〉 results from the disruption of the interference process, which
remains feasible even if the quantum microsystem experiences sub-
stantial photon loss or other imperfections. This fact enables our scheme
to improve the fidelity of the output CS through enhancements to the
classical optical system.

Methods
System wave-function calculation
Wehavementioned that a0 and a1 represent the annihilation operators of
the light field in Zone 0 and Zone 1, respectively. Based on this, the
function of BS can be described as ay0 ! ay0 cos θ þ ay1 sin θ and ay1 !
ay1 cos θ � ay0 sin θ where θ = π/2M. Now, we consider an arbitrary initial
photon state

Initialj i ¼ u; vj i ¼ exp uay0 � u�a0
� �

exp vay1 � v�a1
� �

0; 0j i ð5Þ

which represents that a coherent state |u〉 is in Zone 0 and a coherent state |
v〉 is in Zone 1. After passing through the BS, we have the final state

Finalj i ¼ exp u ay0 cos θ þ ay1 sin θ
� �

� u� a0 cos θ þ a1 sin θ
� �h i

;

× exp v ay1 cos θ � ay0 sin θ
� �

� v� a1 cos θ � a0 sin θ
� �h i

0; 0j i
¼ u cos θ � v sin θ; u sin θ þ v cos θj i

ð6Þ

Similarly, consider an arbitrary phase operation a† → eiφa†. For the
initial state |Initial〉 = |u〉, after the operation, the final state is

Finalj i ¼ exp � 1
2
juj2

� �X1
n¼0

unffiffiffiffi
n!

p 1ffiffiffiffi
n!

p eiφay
� �n

0j i

¼ exp � 1
2
juj2

� �X1
n¼0

1ffiffiffiffi
n!

p ueiφ
� �n

nj i ¼ jueiφi
ð7Þ

Based on Eqs. (6) and (7), we provide the calculation of Eq. (1).
At the beginning of the preparation, the wave-function of the whole

system is

ψ 0ð Þ�� � ¼ ffiffiffi
2

p

2
α; 0j i "

�� �þ #
�� �� � ð8Þ

In thefirst cycle, after thephotonspass throughBS for thefirst time, the
system state is

ψð1Þ�� � ¼ ffiffiffi
2

p

2
α cos θ; α sin θj i "

�� �þ #
�� �� � ð9Þ

Before the photons are reflected by SSC, the system state becomesffiffi
2

p
2 �α cos θ;�α sin θj i "

�� �þ #
�� �� �

due to PS. Regarding the reflection,
we emphasize that only when the atom is in |↑〉, SSC1 does not
change the phase of the reflected field. As a result, the wave function of

the whole system becomes
ffiffi
2

p
2 α cos θ;�α sin θj i "

�� �þ ffiffi
2

p
2 α cos θ;j

α sin θi #
�� �

. Subsequently, after the second time that the photons pass
through BS, we have

ψð2Þ�� � ¼ ffiffiffi
2

p

2
α; 0j i "

�� �þ ffiffiffi
2

p

2
α cos 2θ; α sin 2θj i #

�� � ð10Þ

This state becomes the initial state of the second cycle, and the process
is repeated. It is not difficult to obtain that afterm cycles, the wave-function
of the whole system is

ψ 2mð Þ�� � ¼ ffiffiffi
2

p

2
α; 0j i "

�� �þ ffiffiffi
2

p

2
α cos 2mθ; α sin 2mθj i #

�� � ð11Þ

Here the superscript of |ψ(2m)〉 represents the photons pass through BS
2m times.

Input-output theory for the atom-cavity coupling system
The Hamiltonian of cavity-atom system (SSC1) can be described as

H ¼ _ωeσee þ _ω"σ"" þ _ωca
yaþ _

X
J¼R;T;S

Z 1

�1
ωJb

y
J ðωJ ÞbJ ðωJ ÞdωJ

þ _g σ"ea
y þ σe"a

� �
þ _

ffiffiffi
γ

π

r Z 1

�1
σ"eb

y
SðωSÞ þ σe"bSðωSÞ

h i
dωS

þ i_

ffiffiffiffiffi
κR
π

r Z 1

�1
abyR ωR

� �� aybRðωRÞ
h i

dωR

þ i_

ffiffiffiffiffi
κT
π

r Z 1

�1
abyT ωT

� �� aybTðωTÞ
h i

dωT

ð12Þ
where ℏωe is the energy of excited atomic state |e〉, ℏω↑ is the energy of the
atomic state |↑〉, ωc is the frequency of the cavity mode described by
annihilation operator a, ωJ is the frequency of external field described by
annihilation operator b(ωJ = R,T,S) with bJ ðωJ Þ; byJ ðω0

J Þ
h i

¼ δðωJ � ω0
J Þ,

and the subscript R represents the externalmulti-mode field onCMR side,
T represents the external field on CMT side, S represents the scattering
field due to the atomic spontaneous emission. In addition, g is coupling
constant between the cavity and the atomic transition between |e〉 and |↑〉,
2γ is the spontaneous atomic decay rate on the same transition, κR and κT
are cavity field decay rates. We also set that σ↑e = |↑〉〈e|, σee = |e〉〈e| and
σ↑↑ = |↑〉〈↑|.

Based on the above Hamiltonian, it is not difficult to obtain the fol-
lowing Heisenberg equations

daðtÞ
dt

¼ �iωcaðtÞ � igσ"eðtÞ �
X

J¼R;T

ffiffiffiffi
κJ
π

r Z 1

�1
bJ ðωJ ; tÞdωJ ð13Þ

d
dt
σ"eðtÞ ¼ �i ωe � ω"

� �
σ"eðtÞ þ ig σee tð Þ � σ"" tð Þ

h i
aðtÞ

þi

ffiffiffi
γ

π

r Z 1

�1
σeeðtÞ � σ""ðtÞ
h i

bSðωS; tÞdωS

≈� i ωe � ω"
� �

σ"eðtÞ � igaðtÞ � i

ffiffiffi
γ

π

r Z 1

�1
bSðωS; tÞdωS ð14Þ

In the approximation, we have assumed that37,45,72

σee � σ""
� �

a
D E

¼ � ah i ð15Þ

which indicates that the atom stays in the state |↑〉most of the time. This can
be satisfied when the input is weak.
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In addition,we canalsoobtainHeisenberg equations forbðωÞ. They are

dbJ ðωJ ; tÞ
dt

¼ �iωJbJ ωJ ; t
� �þ ffiffiffiffiffi

κR
π

r
a tð Þ; J ¼ R;T ð16Þ

dbSðωS; tÞ
dt

¼ �iωSbS ωS; t
� �� i

ffiffiffi
γ

π

r
σ"e tð Þ ð17Þ

Equations (16) and (17) can be rewritten in integral form. If we assume
that the atom-light interaction begins at time Tin < t, we have

bJ ðωJ ; tÞ ¼ bJ ðωJ ;T inÞeiωJ ðT in�tÞ þ
ffiffiffiffi
κJ
π

r Z t

T in

aðt0ÞeiωJ ðt0�tÞdt0 ð18Þ

bSðωS; tÞ ¼ bSðωS;T inÞeiωSðT in�tÞ � i

ffiffiffi
γ

π

r Z t

T in

σ"eðt0ÞeiωSðt0�tÞdt0 ð19Þ

If we assume that the atom-light interaction ends at time Tout > t, we
have

bJ ðωJ ; tÞ ¼ bJ ðωJ ;ToutÞeiωJ ðTout�tÞ �
ffiffiffiffi
κJ
π

r Z Tout

t
aðt0ÞeiωJ ðt0�tÞdt0 ð20Þ

bSðωS; tÞ ¼ bSðωS;ToutÞeiωSðTout�tÞ þ i

ffiffiffi
γ

π

r Z Tout

t
σ"eðt0ÞeiωSðt0�tÞdt0 ð21Þ

By integrating Eq. (18) with frequency, it is not difficult to obtain thatffiffiffiffi
κJ
π

r Z 1

�1
bJ ðωJ ; tÞdωJ

¼
ffiffiffiffi
κJ
π

r Z 1

�1
bJ ðωJ ;T inÞeiωJ ðT in�tÞdωJ

þ2κJT int
Z

aðt0Þdt0 1
2π

Z 1

�1
eiωJ ðt0�tÞdωJ

¼ ffiffiffiffiffiffiffi
2κJ

p
aJ;in tð Þ þ κJa tð Þ ð22Þ

where we have used the relation74

Z t

t0

f ðt0Þδðt � t0Þdt0 ¼
Z t1

t
f ðt0Þδðt � t0Þdt0 ¼ 1

2
f tð Þ; ðt0 < t < t1Þ; ð23Þ

and the assumptions (J = R,T)

aJ;in tð Þ ¼ 1ffiffiffiffiffi
2π

p
Z 1

�1
bJ ωJ ;T in

� �
eiωJ T in�tð ÞdωJ ð24Þ

aJ;out tð Þ ¼
1ffiffiffiffiffi
2π

p
Z 1

�1
bJ ωJ ;Tout

� �
eiωJ Tout�tð ÞdωJ ð25Þ

aS;in tð Þ ¼ 1ffiffiffiffiffi
2π

p
Z 1

�1
bS ωS;T in

� �
eiωS T in�tð ÞdωS ð26Þ

aS;out tð Þ ¼
1ffiffiffiffiffi
2π

p
Z 1

�1
bS ωS;Tout

� �
eiωS Tout�tð ÞdωS ð27Þ

Similarly, from Eqs. (19)–(21), we haveffiffiffi
γ

π

r Z 1

�1
bSðωS; tÞdωS ¼

ffiffiffiffiffi
2γ

p
aS;in tð Þ � iγσ"e tð Þ ð28Þ

ffiffiffiffi
κJ
π

r Z 1

�1
bJ ðωJ ; tÞdωJ ¼

ffiffiffiffiffiffiffi
2κJ

p
aJ;out tð Þ � κJ a tð Þ ð29Þ

ffiffiffi
γ

π

r Z 1

�1
bSðωS; tÞdωS ¼

ffiffiffiffiffi
2γ

p
aS;out tð Þ þ iγσ"e tð Þ ð30Þ

Then, by substituting Eq. (22) and (29) into (13), we can obtain the
dynamic equations

daðtÞ
dt

¼ �iωca tð Þ � igσ"e tð Þ �
ffiffiffiffiffiffiffi
2κR

p
aR;in tð Þ � κRa tð Þ �

ffiffiffiffiffiffiffi
2κT

p
aT;in tð Þ � κTa tð Þ

ð31Þ

daðtÞ
dt

¼ �iωca tð Þ � igσ"e tð Þ �
ffiffiffiffiffiffiffi
2κR

p
aR;out tð Þ þ κRa tð Þ �

ffiffiffiffiffiffiffi
2κT

p
aT;in tð Þ � κTa tð Þ

ð32Þ

daðtÞ
dt

¼ �iωca tð Þ � igσ"e tð Þ �
ffiffiffiffiffiffiffi
2κR

p
aR;in tð Þ � κRa tð Þ �

ffiffiffiffiffiffiffi
2κT

p
aT;out tð Þ þ κTa tð Þ

ð33Þ
By substituting Eq. (28, 30) into (14), we have

d
dt
σ"e tð Þ ¼ �i ωe � ω"

� �
σ"e tð Þ � iga tð Þ � i

ffiffiffiffiffi
2γ

p
aS;in tð Þ � γσ"e tð Þ

ð34Þ

d
dt
σ"e tð Þ ¼ �i ωe � ω"

� �
σ"e tð Þ � iga tð Þ � i

ffiffiffiffiffi
2γ

p
aS;out tð Þ þ γσ"e tð Þ

ð35Þ

In the following, we assume that only the input on CMR side is none-
zero, i.e., aT;inðtÞ ¼ aS;inðtÞ ¼ 0. Then, by subtracting (31) and (32), we can
get the relation between the input aR;inðtÞ and output aR;outðtÞ,

aR;in tð Þ þ
ffiffiffiffiffiffiffi
2κR

p
a tð Þ ¼ aR;out tð Þ ð36Þ

By subtracting (31) and (33), we have

aT;out tð Þ ¼
ffiffiffiffiffiffiffi
2κT

p
a tð Þ ð37Þ

By subtracting (34) and (35), we have

aS;out tð Þ ¼ �i
ffiffiffiffiffi
2γ

p
σ"e tð Þ ð38Þ

In addition to the above relations, we next calculate the steady-state
solution of the dynamic Eq. (31, 32, 34) by assuming that the cavity-atom
system is driven by the input light field with frequency ω. We suppose that

aR;inðtÞ ¼ αi;1"e
�iωt;

aðtÞ ¼ αe�iωt ;

σ"eðtÞ ¼ eσe�iωt ;

aR;outðtÞ ¼ αR;1"e
�iωt ;

aT;outðtÞ ¼ αT;1"e
�iωt;

aS;out tð Þ ¼ αS;1"e
�iωt ð39Þ
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Then, we can obtain that

�i ωc � ω
� �� κR � κT


 �
α� igeσ �

ffiffiffiffiffiffiffi
2κR

p
αi;1" ¼ 0 ð40Þ

�i ωc � ω
� �þ κR � κT


 �
α� igeσ �

ffiffiffiffiffiffiffi
2κR

p
αR;1" ¼ 0 ð41Þ

�i ωe � ω" � ω
� �

� γ
h ieσ � igα ¼ 0 ð42Þ

It is not difficult to get that

αi;1" ¼ �
i ωc � ω
� �þ κR þ κT


 �
i ωe � ω" � ω
� �

þ γ
h i

þ g2ffiffiffiffiffiffiffi
2κR

p
i ωe � ω" � ω
� �

þ γ
h i α ð43Þ

αR;1" ¼ �
i ωc � ω
� �� κR þ κT


 �
i ωe � ω" � ω
� �

þ γ
h i

þ g2ffiffiffiffiffiffiffi
2κR

p
i ωe � ω" � ω
� �

þ γ
h i α

ð44Þ

Equation (43) shows that when the input increases, the intensity of the
cavity field also increase, resulting in the condition Eq. (15) not being
satisfied.

With Eqs. (43) and (44), we can calculate Eq. (2). Suppose that the
cavity and the external field are resonant, i.e., ω ¼ ωc, and
Δ ¼ ωe � ω" � ωc � ωa � ωc, we obtain

αR;1"
αi;1"

¼ 1� 2κR iΔþ γ
� �

κR þ κT
� �

iΔþ γ
� �þ g2

ð45Þ

ByusingEqs. (37) and (38), we can also haveEqs. (3) and (4), whichare

αT;1"
αi;1"

¼ � 2
ffiffiffiffiffiffiffiffiffiffi
κRκT

p
iΔþ γ
� �

κR þ κT
� �

iΔþ γ
� �þ g2

ð46Þ

αS;1"
αi;1"

¼ 2
ffiffiffiffiffiffiffi
κRγ

p
g

κR þ κT
� �

iΔþ γ
� �þ g2

ð47Þ

Cattiness calculation
Taking into account all possible light losses, the final state of the system afterM
cyclescanbeexpressedas jψf i ¼ 1ffiffi

2
p ðjC0"ijloss"ij "i þ jC0#ijloss#ij #iÞ ¼

1ffiffi
2

p ½ 1ffiffi
2

p ðj "i þ j #iÞjψ0i þ 1ffiffi
2

p ðj "i � j #iÞjψ1i�. After measuring the

atom, the light field collapses to state jψc¼0;1i ¼ 1ffiffi
2

p ðjC0"ijloss"i þ
ð�1ÞcjC0#ijloss#iÞ with equal probability. Its corresponding density

matrix is denoted as ψc

�� �
ψc

� ��. By tracing over the loss terms, the resulting
reduced dsensity matrix is obtained, represented as

ρ ¼ Trloss
���ψc

��
ψc

��� ¼ 1
2

��C0"
��
C0"

��þ 1
2

��C0#
��
C0#

��
þð�1Þc 1

2

�
loss#

��loss"���C0"
��
C0#

��þ ð�1Þc 1
2

�
loss"

��loss#���C0#
��
C0"

��
ð48Þ

By substituting ρ into the definition of cattiness69–71

Ca ¼ �Tr ρ � L ρ
� �
 � ð49Þ

with LðρÞ ¼ aρaþ � 1
2 ρa

þa� 1
2 a

þaρ, we can obtain that

Ca ¼ �
X1
ν¼0

νh jρaρaþ νj i þ
X1
ν¼0

ν νh jρ2 νj i ð50Þ

where vj i represents Fock state. Utilizing the following expressions
(j ¼";#),

vh jC0ji ¼ vh je�
jC0j j2

2

X1
u¼0

Cu
0jffiffiffiffi
u!

p uj i ¼ e�
jC0j j2

2
Cv
0jffiffiffiffi
v!

p ð51Þ

we have

Ca ¼
1
4

���loss"��loss#���2 � ���C0"
��C0#

���2� ���C0" � C0#
��2 ð52Þ

For comparison, we also give the expression for fidelity here, which is

F ¼ 1
4

���α��C0"
���2 þ ���� α

��C0#
���2 þ 2Re

�
α
��C0"

��
C0#

��� α
��
loss#

��loss"�h in o
ð53Þ

It can be easily seen that thefidelity is related to |〈loss↑|loss↓〉|, while the
cattiness is related to |〈loss↑|loss↓〉|

2, and thus is more sensitive to light loss.
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