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Non-local temporal interference

Ali Ayatollah Rafsanjani®?*‘, MohammadJavad Kazemi?, Vahid Hosseinzadeh? &
Mehdi Golshani?

Although position and time have different mathematical roles in quantum mechanics, with one
being an operator and the other being a parameter, there is a space-time duality in quantum
phenomena—a lot of quantum phenomena that were first observed in the spatial domain were

later observed in the temporal domain as well. In this context, we propose a modified version of the
double-double-slit experiment using entangled atom pairs to observe a non-local interference in

the arrival time distribution, which is analogous to the non-local interference observed in the arrival
position distribution. However, computing the arrival time distribution in quantum mechanics is a
challenging open problem, and so to overcome this problem we employ a Bohmian treatment. Based
on this approach, we numerically demonstrate that there is a complementary relationship between
the one-particle and two-particle interference visibilities in the arrival time distribution, which is
analogous to the complementary relationship observed in the position distribution. These results can
be used to test the Bohmian arrival time distribution in a strict manner, i.e., where the semiclassical
approximation breaks down. Moreover, our approach to investigating this experiment can be applied
to a wide range of phenomena, and it seems that the predicted non-local temporal interference and
associated complementary relationship are universal behaviors of entangled quantum systems that
may manifest in various phenomena.

In quantum theory, several effects that were initially observed in the spatial domain have subsequently been
observed in the time domain. These effects include a wide range of phenomena such as diffraction in time!,
interference in time>™®, Anderson localization in time®!® and several others''~*. To extend this line of research,
we propose a simple experimental setup that can be used to observe a non-local interference in arrival time,
which is analogous to the non-local interference in arrival position observed in entangled particle systems'®-2*,

The proposed experimental setup involves a double-double-slit arrangement in which a source emits pairs
of entangled atoms toward slits'>?°. Such entangled atoms can be produced, for example, via a four-wave mixing
process in colliding Bose-Einstein condensates?®”. As shown in Fig. 1, the atoms fall due to the influence of
gravity, and then they reach horizontal fast single-particle detectors, which record the arrival time and arrival
position of the particles. In fact, a similar arrangement has previously been proposed for observing non-local
two-particle interference in arrival position distribution'®. The critical difference between our setup and theirs
is that the slits in our setup are not placed at the same height. This leads to height-separated wave packets that
spread in space during falling and overlap each other. Moreover, we do not consider the horizontal screens at
the same height, so the particles may be detected at completely different timescales. Our study indicates that
these apparently small differences lead to significant interference in the two-particle arrival time distribution,
which did not exist in the previous versions of the experiment. This phenomenon is experimentally observable,
thanks to the current single-atom detection technology. Our numerical study shows that the required space-time
resolution in particle detection is achievable using current single-atom detectors, such as the recent delay-line
detectors described in®*® or the detector used in*"*.

The theoretical analysis of the proposed experiment is more complex than that of the conventional double-
double-slit experiment for at least two reasons. Firstly, since the two particles are not observed simultaneously, the
wave function of the two particles collapses to a single-particle wave function at the time when the first particle
is detected in the middle of the experiment. Secondly, the theoretical analysis of arrival time distribution is more
complex than that of arrival position distribution. This is because, in the mathematical framework of orthodox
quantum mechanics, position is represented by a self-adjoint operator, while time is just treated as a parameter
(In fact, Pauli showed that there is no self-adjoint time operator canonically conjugate to the Hamiltonian if the
Hamiltonian spectrum is discrete or has a lower bound®'). As a result, the Born rule cannot be directly applied
to the time measurements. This fact, coupled with other issues such as the quantum Zeno paradox®**, leads to
some ambiguities in calculating the arrival time distribution®. In fact, there is no agreed-upon method for
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Figure 1. Schematic representation of the double-double-slit setup. The source emits pairs of entangled
particles, each of which passes through a double-slit and then undergoes a free fall. Two arrays of fast particle
detectors are placed on both sides, recording the detection events. Y1 / Yr represent the vertical distance from the
origin to the left/right detection screen, 21, is the vertical distance between slits, and 21, is the horizontal distance
between the slits.

calculating the arrival time distribution, although several different proposals have been put forth based on vari-
ous interpretations of quantum theory*-,

Most of the arrival time distribution proposals are limited to simple cases, such as a free one-particle in one
dimension, and are not yet fully extended to more complex situations, such as our double-double-slit setup. Nev-
ertheless, the Bohmian treatment seems suitable for analyzing the proposed setup since it can be unambiguously
generalized for multi-particle systems in the presence of external potentials. Thus, in this paper, we investigate the
proposed experiment using the recent developments in the Bohmian arrival time for entangled particle systems,
including detector back-effect***!. The results could contribute to a better understanding of the non-local nature
of quantum mechanics in the time domain. Moreover, beyond the proposed setup, our theoretical approach has
potential applications in related fields such as atomic ghost imaging®”**, quantum test of the weak equivalence
principle with entangled atoms®®, and state tomography via time-of-flight measurements®*"%,

This paper is organized as follows. We present the theoretical framework in “Theoretical framework” section.
We then discuss the numerical results and the physical insights derived from them in “Results and discussions”
section, including the signal locality, the complementarity between one-particle and two-particle interference
visibilities, and the screen back-effect. In “Comparition with semiclassical analysis” section, we compare the
Bohmian approach with the semiclassical approximation. We conclude with a summary and an outlook in
“Summary and outlook” section.

Theoretical framework
Bohmian mechanics, also known as pilot wave theory, is a coherent realistic version of quantum theory, which
avoids the measurement problem®*®. In the Bohmian interpretation, in contrast to the orthodox interpretation,
the wave function does not give a complete description of the quantum system. Instead, the actual trajectories of
particles are taken into account as well, and this can provide a more intuitive picture of quantum phenomena®’.
Nonetheless, it has been proved that in the quantum equilibrium condition®*%’, Bohmian mechanics is experi-
mentally equivalent to orthodox quantum mechanics®®® insofar as the latter is unambiguous®-%; e.g., in usual
position or momentum measurements at a specific time. In recent years, Bohmian mechanics has gained renewed
interest for various reasons®~72 One of these reasons is the fact that Bohmian trajectories can lead to clear predic-
tions for quantum characteristic times, such as tunneling time duration®>”>’* and arrival time distribution®*>’.
Here, we investigate the proposed double-double slit setup using Bohmian tools. According to Bohmian
Mechanics, the state of a two-particle system is determined by the wave function W (r;, r2) and the particles’
actual positions (R;, Rz). The time evolution of the wave function is given by a two-particle Schrodinger equation

.0 K2
i Wi, r2) = ,»;2 %V?% + Vi(r) W, (1)

which in the proposed setup V;(r;) = —m ;g.r;and g represents the gravitational field. The particles dynamics
are given by two first-order differential equations in configuration space, the “guidance equations’,

d v
aRi(t) =v; ' (Ri(1), Ro(1)), 2)
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wherei = 1,2and v “are the velocity fields associated with the wave function W; i.e. v "=(h/m)I(V;W; /W)
When the particle 1 for example, is detected at time t = t,, the two-particle wave function collapses effectively
to a one-particle wave function, i.e. as Wy _(r1,72) — Y, (r2), where®>7s,

Vi (r2) = Wi (Ry(£e), 72), (3)

which is known as the “conditional wave function” in Bohmian formalism’>’’. For t > ¢, the time evolution of
the wave function is given by following the one-particle Schrédinger equation

—h?
l//z(fz) = Vz Vi (r2) + Va(ra)y(ra), (4)

and the remaining particle motion is determined by the associated one-particle guidance equation,

d
LRt = v Ra(1)), (5)

where v'zp '=(h/m2)I(Vah: /). It is important to note that, in general, a conditional wave function does not
obey the Schrodinger equation’®. However, in a measurement situation, the interaction of the detected parti-
cle with the environment (including the detection screen) cancels any entanglement between undetected and
detected particles, due to the decoherence process”. Therefore, in this situation, after the measurement process,
the conditional wave function represents the “effective wave function” of the undetected particle’®®, which
satisfies the one-particle Schrodinger equation®"7®,

We focus our study on the propagation of the wave function from the slits to the detection screens. Thus, one
can consider the initial wave function as follows® -3

1_
wt()(rl,rz):N{(T”) W (1, 2)+< +”> “”(rl,rz)}

in which N is a normalization constant,

W (r1,m0) =[gf (r)gg (r2) + g5 (r)gy ()] +1 < 2,
Wi (r1,m) =[g (r)gy (r2) + g (r)gg ()] +1 < 2,
and
g (x,y) =G(x; ox, £ly, 1) G(y; 0y, +y, +11y),
gj:(x,y) =G(x; 0%, £y, 2uy) G(y: 0y, —ly, —11y),
where G is a Gaussian wave function
Gx; o, u) = Ne*(xfl)2/4oz+imu(xfl)/h.

The Gaussian-type initial wave function is a minimal model which is commonly used in the literature (e.g.,
see?>?>4782-87) The wave function is symmetrized, as we have considered the particles as indistinguishable bos-
ons. The parameter  controls the degree of entanglement of the initial state. It is easy to see thatn = Oleads to a
separable state, whereas|n| = 1leads to a maximally entangled state; for n = +1 the state is maximally correlated,
and forn = —1 the state is maximally anticorrelated®>. For more details, in panel (a) of Fig. 4, the entanglement
entropy is plotted as a function of n, which is a measure of the degree of quantum entanglement between two
particles and is defined as —Tr(0Logp), where 0 is the one-particle reduced density matrix®*®’. It is worth noting
that even without using the slits, this kind of initial wave function could be produced and reliably controlled
using optical manipulation®-?? of an entangled state generated from colliding Bose-Einstein condensates**?"%,
Furthermore, since the free two-particle Hamiltonian is separable, the time evolution of this wave function can
be found from Eq. (1) analytically as

wtm,rz):N[(lz )W)(n, 2>+( j;")\vf‘“(n.rz)}

in which functions \Ilt(x) (r1,r2)and \Ilt(‘ D (r1, r2) are constructed out of time dependent Gaussian wave functions
Gy as

2

Gi(x; 0, u,a) = (Znstz)i%e gl = = rfft%m 2] « ¢t i lu—at) (x—=1=4%)—a’t* /6] (6)
where a represents the acceleration component and s; = o (1 4 5425 )?*-%, Using this wave function, the detec-
tion time and position of the first observed particle are uniquef determlned by solving Eq. (2). Then, using
Eq. (5), we can find the trajectories of the remaining particles after the first particle detection.

Using trajectories, we can find the joint detection data distribution in (f7, x1; fr, Xr) space where tr /g is the
detection time, and xz g is the detection position on the left/right screen. The probability density behind this
distribution can be formally written as
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Pty x0: toe) = / dR® [wo (RO) x T 8(t — T (R%))3 (x: — i (R%)),
h i=L,R

where T g (R, Rg) and X7 r(RY, Rg) are the arrival time and position of the particle with initial condition (R?, Rg)
to the left and right screen, respectively. Note, how the above joint distribution and, therefore, any marginal
distribution out of it, is sensitive to the Bohmian dynamics through functions T'and X and also to the Born rule
by |Wo(R®)|%. The joint two-particle arrival time probability density is then defined as,

I(t, tr) = //P(tLaxLQ trs XR)dxdxg. (7)
The right and left marginal arrival time probability densities are also defined correspondingly as,
Mp(t) = /P(tL, tr)dig,

M(tr) = / Py, tp)dty.

In a practical manner, the trajectories of the particles and the resulting arrival time distributions are numerically
computed for an ensemble of particles whose initial positions are sampled from | ¥ |2, and the corresponding
results are described in the next section.

Results and discussions

In the numerical studies of this work, the parameters of the proposed setup have been chosenasl, =5 x 1073 m
and [,=10"> m. Moreover, the initial wave packets’ widths and velocities are fixed at ox=0,=10"% m,
ux = 20 m/s and u, =0, respectively. These values are consistent with the proposed setup in reference”, in
which colliding helium-4 atoms have been considered for producing an initial entangled state?®. However, we
also consider heavier atom pairs, which lead to a more visible interference pattern for some values of parameters
and the locations of the screens.

In Fig. 2, some of the Bohmian trajectories are plotted, for maximally anti-correlated helium atom pairs. In
this figure, the cyan trajectories are without considering the collapse effect, and the black ones are with it. One
can see that some of the black trajectories start to deviate from the cyan ones as the screens detect the counter-
part particles and the conditional wave function now guides undetected particles. It is worth noticing that, the
ensemble of trajectories can be experimentally reconstructed using weak measurement techniques**>, which
can be used as a test of this result.

Complementary relation of visibilities
In Fig. 3, the joint arrival time distribution I1(#1, fr) and the right marginal distribution ITr(fr) are plotted, for
sodium atom pairs in two cases: with collapse effect in black and without it in dark-cyan. In this figure, we see
the one-particle and two-particle temporal interference patterns for fixed screen locations (Y, = 4 mm and
Yr = 80 mm) and different values of the entanglement parameter 5. The marginal distributions are generated
using 10 particles’ trajectories, however, for clarity, only 10* points are shown in the joint scatter plots. As
previously mentioned, the maximum entanglement occurs when |5| = 1; and when 1 = 0, the particles are
entirely uncorrelated. As one can see in Fig. 3, the visibilities of the joint and marginal distributions have an
inverse relation; when the one-particle interference visibility is maximal, the two-particle interference visibility
is minimal, and vice versa. This behavior represents a temporal counterpart to the complementarity between
the one-particle and two-particle interference visibilities of the arrival position pattern, which can be observed
in a double-double-slit configuration®34. In fact, an analogous behavior has been observed in the momentum
distribution of entangled atom pairs®?. However, it is important to remark that, the “time of flight measurement”
technique, which is usually used to measure the momentum distribution in the context of cold-atom experiments,
is a position measurement after a specific large time, not an arrival time measurement at a specific position®”.
A quantitative study of such complementary relationship is firstly discussed in the pioneering works of
Jaeger, Horne, Shimony, and Vaidman for discrete systems!?>!%!. In these works, it is shown that there is a trade-
off between these two visibilities, such that their squares add up to one or less, W2 4+ V% < 1, where Vand W
are one-particle and two-particles interference visibility, respectively'®. Recently, this complementary relation-
ship has been studied for some continuous-variables, i.e., position and momentum, in a double-double-slit
configuration®?. Here we numerically study this complementary relation for arrival time interference patterns. In
this regard, the visibilities associated with arrival time interference patterns, which are represented in Fig. 3, are
shown in Fig. 4—for more details of the visibility estimation method, see appendix A. As one can see in Fig. 4,
the one-particle and two-particle visibilities have opposite behavior and the sum of their squared values satisfies
the mentioned complementary relation.

Collapse effect and signal locality

As one can see in Fig. 3, the correction of the two-particle arrival time distributions due to the collapse effect
decreases with the turning off of the entanglement, and in 7 = 0, interference patterns with and without cor-
rection are the same. In fact, in this case, we have I1(t, tg) = Ir(fr)I1L(f1). In Fig. 5, the one-particle and
two-particle temporal interference patterns for different positions of the left screen are depicted, while the entan-
glement parameter is fixed to n = —1. The difference between patterns is obvious in the cases without collapse
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Figure 2. Collapse effect on the trajectories of entangled helium atom pairs for » = —1. The cyan curves show
the trajectories without collapse, and the black curves show how they change due to the collapse effect. In panel
(a), the screens are at the same height (Y, = Yg = 0.04 mm), while in panel (b), they are at different heights
(Y = 0.04 mm and Yz = 0.12 mm).

effect consideration (dark-cyan plots) and by including the effect (black plots). The closer the left screen is to the
slits, the earlier the wave function reduction occurs, and its effect is more visible on the joint distribution. Note
that, despite the fact that the collapse effect changes particles’ trajectories and resulting joint distribution, this
effect does not change the one-particle distribution patterns. This shows the establishment of the no-signaling
condition, despite the manifest non-local Bohmian dynamics: The right marginal arrival time distribution, as
alocal observable quantity, turns out to be independent of whether there is any screen on the left or not, and if
there is any, it is not sensitive to the location of that detection screen (It is important to remark that, at least in
principle, the distance between the left and right slits can be large enough for the delay between the two detection
events to be smaller than the time duration required for the classical transfer of information between left and
right detection events. Note that our simulation results do not depend on the distance between the left and right
slits.). Note that this fact is not trivial because the well-known no-signaling theorem is proved for observable
distributions provided by a POVM. However, in the general case, the intrinsic Bohmian arrival time distribution
cannot be described by a POVM, at least when the detector back-effect is ignored®”!?*. In the next subsection,
we discuss more on the detector back-effect.
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Figure 3. One- and two-particle interference patterns of sodium atoms for different entanglement levels n, with
and without the collapse effect. The scatter plots show the joint distributions of arrival times to the horizontal
screens, with the dark-cyan plots ignoring the collapse effect and the black plots considering it. The left and right
screens are placed at Y7, = 4 mm and Yz = 8 cm, respectively. The histograms in each panel show the marginal
distributions of arrival times to the right screen.
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Figure 4. Entanglement entropy and visibilities of one- and two-particle interference patterns of arrival
time, as functions of 7. Panel (a) show the entanglement entropy calculated from the initial wave function
given by Eq. (6). Panel (b) shows the one-particle visibility V, the two-particle visibility W, and their squared
sum V2 + W2, represented by blue square, black diamond, and gray circle markers, respectively. The setup
parameters and initial conditions are the same as in Fig. 3, and the error bars are estimated from the counting
statistics.
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Figure 5. Arrival time distributions of sodium atom pairs for different distances of the left screen. The left and
right scatter plots in each panel show the joint distributions of arrival times to the horizontal screens for the
cases without (dark cyan) and with (black) collapse, respectively. The upper and right histograms in each panel
show the marginal distributions of arrival times to the right and left screens, respectively. The right screen is
fixed atYr = 8cm,andn = —1.

Detector back-effect
The arrival distributions computed so far should be called ideal or intrinsic distributions'®?, since the influence
of the detector, before particles detection, has been ignored in our theoretical manner. Such an idealization is
commonly used in most previous studies of Bohmian arrival time distribution (for example, see®4>$7102-104) ‘and
seems more or less to be satisfactory in many applications including the double-slit experiment®®?*1%°. Nonethe-
less, in principle, the presence of the detector could modify the wave function evolution, even before the particle
detection'®. This is called the detector back-effect. To have a more thorough investigation of detection statistics,
we should consider this effect. However, due to some fundamental problems, such as the measurement problem
and the quantum Zeno effect®?, a complete investigation of the detector effects is problematic at the fundamental
level, and it is less obvious how to model an ideal detector***>!%. Nonetheless, some phenomenological non-
equivalent models are proposed, such as the generalized Feynman path integral approach in the presence of
an absorbing boundary'”-11, the Schrédinger equation with a complex potential'!!, the Schrédinger equation
with absorbing (or complex Robin) boundary condition®!*'-!'4 and so on. In this section, we merely consider
the absorbing boundary rule (ABR), which is compatible with the Bohmian picture and recently developed for
multi-entangled particle systems®’. The results of other approaches may not be the same*'—see also “Compari-
tion with semiclassical analysis” section. So a detailed study of the differences is an interesting topic, which is
left for future works.

Absorbing Boundary Rule— According to the ABR, the particle wave function ¥ evolves according to the free
Schrédinger equation, while the presence of a detection screen is modeled by imposing the following boundary
conditions on the detection screen, r € S,

n-Viy =ik, (8)

where « > 0 is a constant characterizing the type of detector, in which ik /m represents the momentum that the
detector is most sensitive to. This boundary condition ensures that waves with the wave number « are completely
absorbed while waves with other wave numbers are partly absorbed and partly reflected''*!''. Note that, the
Hille-Yosida theorem implies that the Schrodinger equation with the above boundary condition has a unique
solution for every initial wave function defined on one side of the boundary.

The boundary condition (8), implies that Bohmian trajectories can cross the boundary S only outwards and
so there are no multi-crossing trajectories. In the Bohmian picture, a detector clicks when and where the Bohm-
ian particle reaches the detection surface S. In fact, it is a description of a “hard” detector, i.e., one that detects a
particle immediately when it arrives at the surface S. Nonetheless, it should be noted that the boundary absorbs
the particle but not completely the wave. The wave packet moving towards the detector may not be entirely
absorbed, but rather partially reflected'’>.
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Figure 6. Bohmian trajectories and joint arrival time distributions of helium atoms in the two double-slit
setup, with different detector characterizing constants . The detectors are placed at Yz = Y1, = 40 um, and is
considered as an absorbing boundary. The slit distances are 21, = 20 pum, the initial wave packets’ dispersions
are oy = 0y, = 1 |um, and the initial velocities are u, = 20 m/s and u, = 0. Panels (a—c) show the trajectories for
k = 3ko, kK = ko/3, and k = K, respectively. Panel (d) shows the trajectories without the detector back-effect,
which are only truncated at the detector position. The colors of all trajectories are based on their arrival times on
the screen and are labeled by color-bar in the unit of ms. Panels (e-h) show the joint arrival time distributions
corresponding to the trajectories in panels (a-d), respectively.

The application of the absorbing boundary condition in arrival time problem was first proposed by Werner''2,
and recently it is re-derived and generalized by other authors using various methods®"!'11>114, Egpecially, it is
recently shown that in a suitable (non-obvious) limit, the imaginary potential approach yields the distribution
of detection time and position in agreement with the absorbing boundary rule'''. Moreover, Dubey, Bernardin,
and Dhar'! have shown that the ABR can be obtained in a limit similar but not identical to that considered
in the quantum Zeno effect, involving repeated quantum measurements. Recently the natural extension of the
absorbing boundary rule to the n-particle case is discussed by Tumulka®'. The key element of this extension is
that, upon a detection event, the wave function gets collapsed by inserting the detected position, at the time of
detection, into the wave function, thus yielding a wave function of (n — 1) particles. We use this formalism for the
investigation of detector back-effect in our double-double-slit setup. In this regard, the corresponding Bohmian
trajectories and arrival time distributions are presented in Fig. 6.

In our experimental setup, due to the influence of gravity, the reflected portions of the wave packets return to
the detector screen, while some of them are absorbed and some are reflected again. This cycle of absorption and
reflection is repeated continuously. The associated survival probabilities are plotted in Fig. 7 for some values of
detector parameter, k = ko, 2ko, 3ko, ko/3, where the k¢ is defined using classical estimation of particles momen-
tum at the screen as kg = m./2¢gYr/h. As one can see in Figs. 6 and 7, when « = ko, most of the trajectories are
absorbed, and approximately none of them are reflected, which is similar to the case when the detector back
effect is ignored. These results show that, at least for the chosen parameters, when we use a proper detector with
k = Ko, the ideal arrival time distribution computed in the previous section, without considering the detector
back effect, produces acceptable results. However, in general, Figs. 6 and 7 show that the detector back effect
cannot be ignored and it leads to new phenomena: i.e., a “fractal” in the interference pattern.
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Figure 7. Survival probability of helium atoms in the two double-slit setup, with different detector
characterizing constants «. The atoms are subject to gravity and are absorbed by the detectors with an absorbing
boundary. The setup parameters are the same as in Fig. 6.

Comparition with semiclassical analysis

Despite the absence of an agreed-upon fundamental approach for arrival time computation, a semiclassical
analysis is routinely used to analyze observed data. This approach is often sufficient, especially when particle
detection is done in the far-field regime?’. In this approach, it is assumed that particles move along classical tra-
jectories, and the arrival time distribution is computed using the quantum initial momentum distribution'*>!16117,
It is important to compare the semiclassical analysis with our Bohmian result. To this end, we need to extend
the semiclassical approximation for multi-particles systems in the presence of gravity, which is done as follows:

Using the classical trajectory of a free falling particle, the arrival time is given by

TG0, pyo: V) = pyo/Img] + 1/ (o /Img)? +21Y — yul/Ig]

where ypand p,, are initial particle position and momentum in y-direction, respectively, and Y is the position of
the horizontal screen. Therefore, the joint semiclassical arrival time distribution is given by

M(t, tr) = /f(yé,yée)z)ﬁoypﬁo)r?(u = T(vh 2l YL)) x5(te - T<y§)pfo: YR)) dyg dys dpy, dpy,

where f(yk, y&, p;o, pﬁo) is joint initial phase-space distribution, in y-direction. However, in standard quantum
mechanics, the joint phase-space distribution in a given direction is not a well defined concept. Nonetheless, it
is routinely expected that in the far-field regime, the arrival time distribution is independent of initial position
distribution and can be calculated just by momentum distribution—In fact, this conjecture is established for
one-particle systems, in some arrival time approaches®”*. In this regard, at first we consider the initial position
of all of the particles at y = 0, and the resulted semiclassical arrival time distributions are represented in panel
(e) and (f) of Fig. 8, for near- and far-field regime, respectively. As expected, although in the far-filed regime this
approximation more or less is in agreement with Bohmian ones, in near filed semiclassical joint and marginal
arrival distributions are very different from their Bohmian counterparts. To avoid this issue, as a more accurate
approximation, by ignoring initial position-momentum correlation in the y-direction, one may suggest the fol-
lowing initial phase-space distribution:

f(y(l)l’yOR’pf;o’pj}o) :fy(y(l)l’y(l)z)fp(pjl;o’l)ﬁ))’ (9)

where fy and fp are the initial position and momentum distribution of left-right particles pairs in y-direction,
respectively, which can be computed from initial wave function as follow

fr (75-58) =/ |l110(x1,y1,x2,y2)}2 &y dxidx;

fp(pjo,p}}fo> = / ’\flo(xl,ply,xz,lt)z},)}2 £p dx1dx,
where
§v =0(1)8 (y5 —1)3(y5 —y2) +0(=x08(y5 —»2)8 (vg —»1)
g =013 (pf, — p1)8 (b = p2) + 0208 (pf, — p2)8(pf, — 1),
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Figure 8. Comparison of the semiclassical and Bohmian Joint arrival times distributions for sodium atoms,

for different screen positions. The right and left columns correspond to the the screen positions Y7, g = 1cm
(far-field) and Y7 g = 0.5 mm (near-field), respectively. Panels (a) and (b) are scatter plots of the Bohmian

joint spatio-temporal distribution with considering the wave function collapse effect. Panels (c) and (d) show
the semiclassical joint distribution that calculated from classical free fall and quantum initial momentum
distribution, fp, with considering the initial positions of all the particles at the y = 0. Panels (e) and (f) are the
semiclassical joint distributions that obtained from the initial phase-space distributions given in Eq. (9). Panels
(g) and (h) are the semiclassical joint distributions that obtained from the initial phase-space distributions given
in Eq. (10). Up panels represent the corresponding marginal arrival time distributions.

and W (xy, P1y> X2, p2y) is the Fourier transformation of the initial wave function, Wo(x1, y1, X2, 2), with respect
to y1and y, variables. Note that this joint phase-space distribution leads exactly to the quantum initial position
and momentum marginal distributions. In the panels (e) and (f) of Fig. 8, the semiclassical distribution resulting
from the phase-space distribution (9), are plotted in near- and far-field regime, respectively. As a surprising fact,
although in the near-field regime the results of this semiclassical analysis are more similar to the Bohmian ones,
in the far-field regime this semiclassical arrival time distribution deviates significantly from the Bohmian result:
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The central interference fringe of the Bohmian joint distribution does not exist in this semiclassical approxima-
tion (see red dashed lines in panels (b) and (f)).

In fact, there are various correlated initial phase-space distributions which are consistent with quantum initial
position and momentum marginal distributions, however, they lead to different joint arrival time distributions.
Merely as an example, see panels (g) and (h) of Fig. 8, which are generated from another initial phase-space
distribution defined as

/}‘I’O(f’l"’z)\z [1 s(ri—r)s(p — pi°(v1,75)) 7, (10)

i=1,2

where, p3°(r},r5) and pS°(r, r}) are the asymptotic momenta of two free Bohmian particle with initial positions
(r}, r}) and initial wave function Wy. It is easy to show that above phase-space distribution is consistent with the
quantum initial position and momentum distributions®>7®.

Note that, even in the far-field regime, although all semiclassical marginal arrival time distributions are more
or less in agreement with Bohmain results, but the joint semiclassical distributions are very sensitive to assumed
initial phase-space distributions. These facts suggest that the multi-particle joint arrival time distributions, for
example in our suggested double-double-slit setup, can be used to probe the Bohmian arrival time prediction,
which is more sensitive than the previously proposed one-particle experiments*"***¢, Furthermore, it is important
to remark that this deviation from semiclassical analysis is predicted without the presence of the challenging
effects that have typically been suggested to distinguish arrival time proposals, namely the back-flow effect!!#%,
multi-crossing Bohmian trajectories*"*’, and the detector back-effect—as discussed in the previous section.

Summary and outlook

In this work, we have proposed a double-double-slit setup to observe non-local interference in the arrival time of
entangled particle pairs. Our numerical study shows a complementarity between one-particle visibility and two-
particle visibility in the arrival time interference pattern, which is very similar to the complementarity observed
for the arrival position interference pattern®2. Moreover, our results indicate that the two-particle interference
visibility in the arrival time distribution can serve as an entanglement witness, thereby suggesting the potential
use of temporal observables for tasks related to quantum information processing'?*12!.

As noted in the introduction, the theoretical analysis of the proposed experiment is more complex than that
of a typical double-slit experiment due to several connected fundamental problems, including the arrival time
problem and the detector back-effect problem. We use a Bohmian treatment to circumvent these problems.
This approach can be used for a more accurate investigation of various experiments beyond the double-dou-
ble-slit experiment, such as atomic ghost imaging”, interferometric gravitometry®®, atomic Hong-Ou-Mandel
experiments'??, and so on®”'%, which are usually analyzed in a semiclassical approximation. In such situations,
the semiclassical analysis may not lead to a unique and unambiguous prediction, as discussed in “Comparition
with semiclassical analysis” section.

As closing remarks, we would like to discuss some limitations and extensions of the present work. One of
the important limitations is that our analyses are based on non-relativistic Bohmian mechanics. Due to the
non-locality of Bohmian dynamics, there is no obvious and agreed-upon way to achieve a relativistic extension
of it, especially for systems with more than one particle’**-!%°. However, there are various proposals for this
purpose’!#-132 Therefore, using particles with relativistic speeds, the same kind of experiment could be used
to probe these proposals.

Moreover, based on other interpretations of quantum theory, there are other non-equivalent approaches
that, in principle, can be used to investigate the proposed experiment, such as the arrival time operator
approach*>#6133-136  (generalized) path integral formalism!%-1, Page-Wooters formalism®*"*”!3, and so
on'*-1*1_ However, these approaches need to be extended for entangled particle systems first. Comparing the
results obtained by these various approaches could be used to test the foundations of quantum theory. Specifi-
cally, it seems that measuring the arrival time correlations in entangled particle systems can sharply distinguish
between different approaches to the arrival time problem'?!. This fact may lead to a distinction between quantum
ontologies*, and in particular, a better understanding of the so-called problem of time in quantum mechanics'*.
A more detailed investigation of these subjects is left for future work.

Finally, it is important to remark that our study is limited to the Newtonian description of gravity, which is
typically a proper approximation for such situations. Nonetheless, in the presence of a strong gravitational field,
some additional general relativistic effects may slightly modify the results. For example, a particle with evolving
internal degrees of freedom could be considered as a “clock,” and according to general relativity, proper time flows
at different rates in different gravitational potentials. Therefore, some which-way information is accessible from
the final state of the clock. As discussed in'¥, this fact could lead to a reduction in the visibility of interference
patterns due to the complementarity between visibility and which-path information.

Appendix A: Estimation of the interference visibility
A complementarity relationship between one-particle and two-particle interference pattern, V2 + W2 < 1, is
disused in the literature®>1°%1%1_ The One-particle interference visibility V can be obtained as

V= (Imax - Imin)/(Imax + Imin)> (11)

where Iyax and I, represent the zero-order maximum intensity and first-order minimum intensity,
respectively’’. In the case of two-particle interference, there are some complexities in the definition of the
two-particle interference visibility, and in fact there is no agreed upon definition for general cases. However,
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some proposal have taken place®!**. In the present work, we have used the definition given in Ref.®?, which is
particularly suitable for studying the complementarity relationship in a double-double-slit arrangement. This
two-particle visibility definition is briefly described in the following. For a symmetric setup in which the distances
between slits are equal for the left and right sides, the arrival time distribution of particles, IT(#1, tr), exhibit
grooves and unit visibility in two diagonal directions aligned with the t* = (t, =+ tg)/+/2 and ty axes in the case
of separable states. The rotated marginal distributions projected on £+ read as

=) = / T1(t, tr)8(t — tT) dirdty

Using visibilities of the above marginal distributions, V£, which can be estimated as same as one-particle vis-
ibility via Eq. (11), the two-particle visibility is given by®*:

W=|VT—-V7|. (12)

The one- and two-particle visibilities are depicted in Fig. 4, for various values of 5. In this figure, the error bars
and central values are calculated from the average and standard deviation of a set of 10 arrival time joint distri-
butions that each of them generated from 10* Bohmian trajectories.
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