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3D quantum Hall effects and nonlinear Hall effect

Shuai Li®"*3, C. M. Wang>**, Z. Z. Du*3, Fang Qin (»*?, Hai-Zhou Lu*** and X. C. Xie>®’

The classical and quantum Hall effects are important subjects in condensed matter physics. The emergent 3D quantum Hall effects
and nonlinear Hall effect have attracted considerable interest recently, with the former elevating the quantum Hall effect to a
higher dimension and the latter extending the Hall effect to higher-order responses. In this perspective, we briefly introduce these
two new members of the Hall family and discuss the open questions and future research directions.
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INTRODUCTION

The Hall effects have long been research focus in condensed
matter physics'=. In particular, the quantum Hall effect*®, which
manifests as the quantized Hall resistance and zero longitudinal
resistance of the two-dimensional electron gas in a strong
magnetic field, is one of the greatest discoveries in physics. Thus
far, there have been four main generalizations of the quantum
Hall effect: fractionalization, no magnetic field, higher dimension,
and nonlinearity. The first generalization, the fractional quantum
Hall effect, was the subject of the 1998 Nobel Prize in Physics®”.
The study of the quantum Hall effect in the absence of a magnetic
field has led to the discoveries of several topological states of
matter®~'”. Recently, rapid progress has been made on the latter
two generalizations, that is, the 3D quantum Hall effects and the
nonlinear Hall effect. In this perspective, we introduce these two
new members of the Hall family, focusing on both experimental
and theoretical aspects, and discuss the open questions and
future directions.

3D QUANTUM HALL EFFECTS

Researchers have been attempting to realize the quantum Hall
effect in 3D systems over 30 years'83", Recently, the quantizations
of Hall conductance and Hall conductivity have been observed in
3D devices of Cd;As,32737 and ZrTes>®, respectively. The former is
based on topologically protected Fermi arcs in topological
semimetals, and the latter is believed to arise from the charge-
density wave (CDW) of the Landau bands.

In topological semimetals, the conduction and valence bands
touch at the Weyl points. The Fermi arcs are the Fermi surface of
the topologically protected surface states of the topological
semimetals (Fig. 1a). At a single surface, the Fermi-arc surface
states cannot form a complete 2D electron gas to support the
cyclotron motion of electrons, which rules out the Landau levels
and quantum Hall effect. It has been proposed that the 2D Fermi-
arc surface states from different surfaces can be connected at the
Weyl points®**=*! to form a complete 2D electron gas to support
the 3D quantum Hall effect3>33 (Fig. 1b). In real space, driven by a
perpendicular magnetic field, an electron performs half of a
cyclotron motion on the top surface and then tunnels to the
bottom surface to complete the cyclotron motion. This Fermi-arc

mechanism of the 3D quantum Hall effect is characterized by the
one-sided edge states, which reside at one side on the top surface
but the opposite side on the bottom. The quantized Hall
conductance has been observed in the topological Dirac
semimetal Cd;As,>*~3”. However, the Dirac semimetal consists of
two time-reversed Weyl semimetals; thus, on a single surface, the
time-reversed Fermi-arc surface states could also support a
conventional 2D quantum Hall effect. To identify the top-bottom
Fermi-arc 3D quantum Hall effect, a wedge-shaped Hall bar has
been used, in which an extra in-plane magnetic field can induce a
geometric phase that depends on the sample thickness3’. As the
measurement position of the Hall voltage electrodes is changed,
the effective thickness is changed, and a systematic shift of the
quantum Hall conductance plateaus occurs (Fig. 1c), strongly
supporting the Fermi-arc origin of this 3D quantum Hall effect.

The quantum Hall effect observed in ZrTes*® has a different
mechanism, owing to the formation of CDW. For 3D materials
under magnetic fields, the Fermi energy usually crosses the
Landau bands. Thus, the bulk states contribute unquantized Hall
conductance. However, forming of CDW states can open a band
gap at the Fermi energy (Fig. 1e). In real space, the electrons, that
form the CDW states along the magnetic field direction, are
distributed periodically with the period A (half of the Fermi
wavelength). This makes the material look like a stack of 2D
electron layers. Therefore, the quantized Hall resistivity is,

h

Pry = ?/\ (M
In the experiment®, there are several evidences to support the
CDW mechanism of the 3D quantum Hall effect. First, the 3D
ellipsoidal Fermi surface of the samples is confirmed by the
Shubnikov-de Haas oscillation measurements. This excludes the
possibility that the system is originally composed of 2D electron
layers. Second, the Hall resistivity shows plateaus when the
magnetic field strength is approximately 2 T, at which time the
longitudinal resistivity also drops to zero (Fig. 1d). The value of
quantized Hall resistivity is consistent with Eq. (1), and A is found
to be approximately half of the Fermi wavelength along the
magnetic field direction for all four samples, ie, A=mn/ke,
consistent with the feature of the CDW wavelength. Third, the
existence of the CDW is supported by the non-Ohmic |-V
characteristic (Fig. 1f). The non-Ohmic I-V characteristic is another
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Fig. 1 3D quantum Hall effect. a The energy dispersion of the 3D bulk states (green) of a Weyl semimetal, and the Fermi arcs (the Fermi
surface of the topologically protected surface states, red for the top surface and blue for the bottom surface). The black spots denote the Weyl
nodes. b Schematic of the Fermi-arc mechanism of the 3D quantum Hall effect in Weyl semimetals. The red and blue arrows depict the hinge
states. ¢ The Hall resistance measured at three pairs of Hall electrodes (of different cross-sectional thicknesses) in a wedge-shaped CdsAs,
sample. Adapted from Ref.3’. d The Hall (p,,) and longitudinal (p,,) resistivities measured for the charge-density-wave mechanism of the 3D
quantum Hall effect in ZrTes. e Left: Fermi energy crossing the Landau bands in 3D materials; right: bulk gap in Landau bands induced by
charge-density wave (CDW). f Non-Ohmic |-V characteristic in ZrTes. d and f are adapted from Ref. 3,

important signal of CDW, because along the CDW direction, the
bias voltage or current has to overcome the order parameter (i.e.,
the gap induced by the CDW). Theoretical calculations reveal the
underlying physics in more detail*>*3, The calculations show that
electron-phonon interactions, rather than electron-electron inter-
actions, induce the CDW. They also show that there is a crossover
from commensurate (i.e, the CDW wavelength is an integral
multiple of the lattice constant) to incommensurate CDW, as a
function of the magnetic field. The plateau near 2 T is due to the
commensurate CDW. Later, another experiment has confirmed the
Hall resistivity plateau in ZrTes**, but the plateau was accom-
panied by a residual longitudinal resistivity. The Hall resistivity
plateau accompanied by a residual longitudinal resistivity has also
been observed in the compound HfTes3%4°, The significance of the
CDW mechanism is that the magnetic field can simultaneously
induce two different kinds of phase transition, i.e., a topological
phase transition in the plane perpendicular to the field and an
order-parameter phase transition in the direction parallel to
the field.

Quantized Hall conductance in nodal-line semimetals has also
been theoretical predicted?®=*® although no corresponding
experiments have been reported yet. In Ref.%’, the flat Landau
bands at zero energy with large degeneracy occur when the
magnetic field is perpendicular or parallel to the nodal ring. This is
possibly caused by the chosen low energy model that hosts the
strict flat surface states. The authors suggest that the flat Landau
bands at zero energy can contribute quantized Hall conductance.
Since the results are mainly based on the analysis of energy
dispersion, further explicit calculations on transport are expected.
Another research*® found that a surface quantum Hall conduc-
tance can exist in a specific energy window in nodal-line
semimetals. The quantum Hall effect was calculated numerically;
in addition, a wedge-shaped device was proposed to distinguish
the surface and bulk quantum Hall effects.
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NONLINEAR HALL EFFECT

The nonlinear Hall effect refers to the second-order (or quadratic)
transverse voltage (or current) in response to a longitudinal
current (or electric field). As shown in Fig. 2(a), when an excitation
current /,, with a low frequency w is applied, a double frequency
transverse voltage V5, can be measured, and a quadratic current-
voltage dependence V5, (I,l,)2 is exhibited. Different from all of
the previous Hall effects measured in the linear-response regime,
the nonlinear Hall effect does not require time-reversal symmetry
breaking by an external magnetic field or magnetism but requires
inversion symmetry breaking*®~°.

Theoretically, the nonlinear Hall effect is formulated as a
transverse current induced by a longitudinal electric field. In a
two-dimensional system, when an electric field E, is applied along
the x direction, the induced nonlinear Hall current can be
described by &,uEEx + XymExExe™". Besides the double frequency
signal, there is also a direct current. It is well known that the linear
Hall effect can be described by an integral of the Berry
curvature>>'. By contrast, the intrinsic nonlinear Hall conductivity
Xyxx is proportional to the Berry curvature dipole

d’k 8%
Dy, = kf 2

Xz /(27‘[)2 akx 0, ( )
where () is the Berry curvature, and f; is the Fermi distribution
function. The above equation can be rewritten as D,, =

—f(g;’;z Qi% after the application of the integration by parts.

This indicates that at low temperature, the Berry curvature dipole
is a property at the Fermi energy. The minimal model to study the
theory of the nonlinear Hall effect is a tilted massive Dirac model
(Fig. 2b), because it has both abundant Berry curvature near the
band edges and required breaking of inversion symmetry®°. The
study? on the lattice models also shows that in Weyl semimetals,
the Berry curvature dipole can also be contributed by the
electrons in the region where two Weyl cones merge together.
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Fig. 2 Nonlinear Hall effect. a Schematic of the measurement setup of the nonlinear Hall effect. b Energy dispersion of a tilted massive 2D
Dirac cone, which is the minimal model that supports the nonlinear Hall effect; the blue and red shades represent the Berry curvature with
opposite signs. ¢ Different components of the nonlinear Hall conductivity .. including the intrinsic, side-jump, and skew-scattering
contributions, calculated by the Boltzmann equation. Adapted from Ref. >3, d The measured nonlinear voltages V,, along the longitudinal
(1-3 and 1-5) and transverse (3-4) directions. The inset is the Hall bar device. Adapted from Ref. °°.

Furthermore, it has been found that the disorder scattering in the
nonlinear Hall effect is equivalently important as the intrinsic
contribution®3=>7, The disorder contributions can be classified into
the side-jump and skew-scattering mechanisms, similar to those in
the anomalous Hall effect?. They can even result in a sign change
of the nonlinear Hall response (Fig. 2¢). In addition, the nonlinear
Hall effect can also occur in other mechanisms; for example, the
combination of the anomalous velocity and the chiral anomaly in
Weyl semimetals can induce the Hall conductivity, which is linear
in both electric and magnetic fields>3>°.

The nonlinear Hall effect has been reported in the bilayer and
the few-layer WTe,, respectively®®®'. The inversion symmetry is
broken owing to the WTe, layer stacking arrangement. Convin-
cingly, the double frequency Hall signal is directly measured by a
lock-in amplifier in a phase-sensitive manner, and it is indeed
quadratic on the excitation current, as shown in Fig. 2d. The zero-
frequency voltage has also been observed, and it has a similar
amplitude to the double frequency voltage®'. Besides, the
nonlinear Hall signal has a 6-dependent on the angle between
the excitation current and the principal axis, which is distin-
guished from the 26-dependent linear planar Hall effect®’. In the
experiments®%6', the frequency of the driving current is very low
(10-200 Hz), and the experimental results barely depend on the
frequency. The nonlinear Hall effect has also been observed in
other materials, such as TalfTe,%?, Bi,Ses films®3, CdsAs,%%,
monolayer WSe,®, and bilayer graphene®.

Published in partnership with Nanjing University

PERSPECTIVE

The emergence of the 3D quantum Hall effect and nonlinear Hall
effect has brought fresh blood to condensed matter physics, and
many research opportunities are offered.

For the Fermi-arc mechanism of the 3D quantum Hall effect,
first, many Weyl semimetals have been predicted by first-principle
calculations; therefore, more experiments should be conducted on
these Weyl semimetal candidates, particularly those with few Weyl
points. In addition to CdsAs,, it is possible to realize the edge
states, which only reside on one side of the surface. Second, Fermi
arcs are a distinct feature of topological semimetals, it is
interesting and meaningful to make extended studies on this
Fermi-arc mechanism. For example, studies can be conducted on
the systems higher than three dimensions, which can be achieved
with the help of synthetic dimensions®’, and on the higher-order
topological semimetals®®%°, where the hinge states may support
3D quantum Hall effect without applying a magnetic field. For the
3D quantum Hall effect based on the CDW mechanism, currently,
the most important task is to determine the conditions required
for the formation of the magnetic-field-induced CDW states. The
investigation can start with a systematic study on the temperature
and magnetic field dependence of the resistance along the CDW
direction. Meanwhile, measurements that directly observe the
CDW are expected, such as measurements using the X-ray
diffraction or optical methods. The nonlocal measurements are
also worth conducting because the vanishing longitudinal
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resistance indicates the dissipationless transport. Another fasci-
nating topic is the 3D version of the fractional Hall effect. The
fractional multiplier of% is combined with the period of the CDW
state A, and A can take different integer multiples of the lattice
constant. Therefore, it is important to distinguish the 3D fractional
quantum Hall effect and the different commensurate CDW states.
Furthermore, one can search the 3D quantum anomalous Hall
effect in the context of magnetic materials. Except the CDW
mechanism, the gap opening could be induced by other
correlation phases, such as the spin-density wave, Winger crystal,
or excitonic insulator. They may have different features of the
quantized Hall resistivity compared with the CDW case. This also
provides another scenario to study the strongly-correlated states
in strong magnetic fields.

Although significant progress has been made in the nonlinear
Hall effect, there are still many open questions and challenges.
From the experimental aspect, despite the challenges in device
fabrication, richer phenomena could be observed in three
dimensions. The measurement could be generalized to using
two perpendicular excitation currents with different frequencies,
allowing more symmetry properties to be probed. From the
theoretical aspect, although the nonlinear Hall effect has been
intensively studied based on the semi-classical Boltzmann
transport theory, a consistent quantum description is still under-
way’®, in particular, for better describing the disorder effect.
Manipulating the nonlinear Hall signal by controlling disorder
configurations might be possible in the future. In addition, the
temperature effect is worth addressing in theoretical studies
because the nonlinear Hall effect observed in experiments
normally persists to a pretty high temperature. There are also
several straighfarward directions, including finding more materials
that host significant nonlinear Hall effects, for example, among
non-centrosymmetric materials and Dirac materials; investigating
the details of the nonlinear Hall effect in specific band structures
or materials; and examining the nonlinear response tensors
according to the theoretical symmetry analysis.

The exploration of the new members of the Hall family is still in
its early stage. More exciting discoveries are expected in the
future.
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Published online: 25 November 2021
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