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Predictingmaximum strain hardening factor
in elongational flow of branched pom-pom
polymers from polymer architecture

Max G. Schußmann 1, Manfred Wilhelm 1 & Valerian Hirschberg 1,2

We present a model-driven predictive scheme for the uniaxial extensional
viscosity and strain hardening of branched polymer melts, specifically for the
pom-pom architecture, using the small amplitude oscillatory shear mas-
tercurve and the polymer architecture. A pom-pom shaped polymer is the
simplest architecture with at least two branching points, needed to induce
strain hardening. It consists of two stars, each with q arms of the molecular
weight Mw,a, connected by a backbone of Mw,b. Despite the pom-pom con-
stitutive model, experimental data of systematic investigations lack due to
synthetic complexity. With an optimized approach, we synthesized poly-
styrene pom-pom model systems with systematically varied Mw,a and Mw,b.
Experimentally, we identify four characteristic strain rate dependent regimes
of the extensional viscosity, which can be predicted from the rheological
mastercurve. Furthermore, we find that the industrially important maximum
strain hardening factor depends only on the arm number by ½q2=lnð

ffiffiffi
3

p
qÞ�. This

framework offers a model-based design of branched polymers with pre-
dictable melt flow behavior.

The quantitative connection between the molecular architecture
(topology) and molecular dynamics is a long-standing, fundamental
challenge in polymer science. The understanding andmodelling of the
flow of branched polymer melts is of great interest to both funda-
mental research and industrial applications like film blowing or
foaming1,2. The pom-pom topology is the simplest branched topology
with at least two branching points, which are needed to induce strain
hardening. Strain hardening in elongational flow is the increase of the
tensile stress growth coefficient above the linear viscoelastic envelope.
Pom-poms consist of two star-shaped branch points connected by a
linear backbone chain. Based on the tube model, McLeish and Larson
developed constitutive equations to describe shear and extensional
melt rheology of a pom-pom shaped polymer molecule3,4. The pom-
pom model has been successfully applied to model the elongational
flowbehavior of low-density polyethylene (LDPE) and other long-chain
branched (LCB) systems like combs or LCB-styrene-butadiene-

rubbers5–8. Within the pom-pom model the stress is given by

σ tð Þ= 15
4
G0ϕb ϕbλ

2 tð Þ+ 2qsc tð Þ
2qsa + sb

� �
S tð Þwithϕb =

sb
2qsa + sb

ð1Þ

where sb and sa are the number of entanglements of the backbone and
the arms respectively, q is the arm number of each star of the pom-
pom, ϕb is the volume fraction of the backbone, λðtÞ = [1, q] is the
stretch parameter, S tð Þ is the orientation tensor, sc tð Þ is the branch
point withdrawal parameter, and G0 is the plateaumodulus. The pom-
pom model attributes two relaxation times to the backbone. The
orientation relaxation time τb, describing the alignment of the
backbone tube due to flow, and the stretch relaxation time τs ,
describing the stretch of the backbone chain in flow. In extension with
_ε> 1=τs, the backbone is stretched due to the friction of the
branchpoints. At sufficiently high strains, the backbone reaches its
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maximum stretch λ= q and thereafter the arms are retracted into the
backbone tube, resulting in a steady state stress. The retraction of the
arms is called branch point withdrawal and takes place at the time tq
and strain εq of maximum backbone stretch. Hierarchical relaxation of
the arms before the relaxation of the backbone is essential in the pom-
pom model. Therefore, the pom-pom model is limited to strain rates
smaller than the inverse of the arm relaxation time 1=τa. The Rouse
time of a polymer τR, linear or branched

9,10, is the longest relaxation
time of the molecule in the absence of entanglement effects; i.e.,
governed only by monomeric friction. This is the case if the applied
elongational rate exceeds the inverse of the Rouse time. In the pom-
pommodel, strain hardening is the result of only branch point friction
and at Hencky strain rates _ε> 1=τR all polymer chains independent of
their topology show strain hardening due to monomer friction11.

Macroscopically, the true strain or Hencky strain ε for large
deformations1 is given by the initial length of the sample L0 and the
time-dependent length L tð Þ

ε tð Þ= ln L tð Þ
L0

� �
ð2Þ

From the time-dependent stress, the extensional viscosity ηE at a
constant strain rate _ε>1=τs, defined as the steady state of the time
dependent tensile stress growth coefficient η+

E ðtÞ in the pom-pom
model and typically the maximum of η+

E with respect to time in the
experiment, can be derived as

ηE =
15
4
G0ϕ

2
bq

2 _ε�1 =
15
4
G0

sb
2qsa + sb

� �2

q2 _ε�1 ð3Þ

The Considère criterion (named after the French engineer
Armand Gabriel Considère) states that a sample undergoes homo-
genous uniaxial elongation until the strain of the maximum force
δF=δε<012–15. Beyond the maximum stress, the material cannot be
stretched homogenously and instead undergoes dynamical failure like
necking or rupture. The Considère criterion is only valid for fast _ε
compared to the characteristic relaxation time τ of the material _ετ≫1.
For pom-poms in this manuscript the inverse of the crossover fre-
quency is used as the characteristic relaxation time, see discussion
below. Corrections for Hencky strain rates where time and strain are
relevant were evaluated by Fielding et al.16,17. McKinley and Hassager18

used the Considère criterion and the pom-pom constitutive equations
to predict the extensional viscosity of the pom-pom topology for rapid
stretching. Rapid stretching is assumed for strain rates _ε>1=τs, where
the viscous components can be neglected, and the strain energy is
stored as elastic energy. In the following theirmainfindings are shortly
reviewed. η+

E normalized to the zero-shear viscosity η0 can be
expressed as a function of q, tq, τb, the Hencky strain to sample failure
εf , and the strain of maximum backbone stretch εq as

log η+
E t, _εð Þ=η0

� �jεf!εq
= log

3q2

εq

 !
+ log

tq
τb

� �
ð4Þ

Here tq = εq= _ε and thus is dependent on strain rate. Equation 4 can
be further simplified and is valid for the limiting case of εf ! εq. In the
limit εf ! εq, the tensile stress coefficient can be simplified to the
steady state extensional viscosity η+

E t, _εð Þ ! ηE at a constant strain
rate.

ηE

η0
=
3q2

εq
� tq
τb

=
3q2

τb
� 1
_ε

ð5Þ

This result may be compared with the linear viscoelastic envelope
(LVE), for the experimental determination see experimental section,

approximated in the pom-pom model3 by

η+
LVE =3η0 1� e

�tq
τb

� �" #
ð6Þ

Which can for small times
tq
τb
≪ 1 be approximated with a first-order

Taylor polynomial expansion, yielding a linear response

η+
LVE ’ 3η0

tq
τb

� �
ð7Þ

Rearranging Eq. (7) for
tq
τb

� �
and substituting it in Eq. (5) leads to

ηE ’ η+
LVE �

q2

εq
ð8Þ

During the elongation, the strain of the sample increases until the
εf is reached. At the maximum stress, a force balance between the
resistance against withdrawal of the branch point into the tube and
further stretching of the backbone is reached. The maximum stress is
obtained for q≥ 2 at λ= q, followed by a plateau for λ>q (see Fig. 1 a). In
the rapid stretching limit, the Hencky strain at failure can be derived
from the stress tensor of the pom-pom model and is given by18

e2εf + 2e�εf = 3q2 ð9Þ

through calculation of the force balance at maximum stretch by the
pom-pom equations. For q≥ 2, εq can be approximated using e2εf ≫e�εf

with

εq = εf ’ ln
ffiffiffi
3

p
q

� �
ð10Þ

Combining Eq. (8) and Eq. (10) yields

ηE ’ η+
LVE �

q2

ln
ffiffiffi
3

p
q

� �
2
4

3
5 ð11Þ

predicting the increase of the extensional viscosity above the LVE by
the Considère factor f c = ½q2=lnð

ffiffiffi
3

p
qÞ�, see also Fig. 1 b). The Considère

factor f c is directly related to the maximum achievable strain hard-
ening factor SHFmax, see discussion. SHF =ηE ð _εÞ=ηDE _εð Þ and ηDE is the
steady state viscosity of the Doi-Edwards model. The relation between
the Considère factor and the arm number is shown in Fig. 1 b),
underlining the potential of high strain hardening through a high arm
number. The experimental evaluation of the boundary conditions of
the pom-pom constitutive equations are of high interest to verify the
used simplifications. In addition, it allows the investigation of
molecular dynamics of branched polymers in the melt state and the
advancement of rheological modelling of more complex polymer
topologies.

The relaxation dynamics of the arms and the backbone of the
pom-pom are accumulated in the LVE. The linear viscoelastic envelope
η+
LVE (LVE) is defined the complex viscosity, taking the Trouton ration,

the Cox-Merz and Gleissle mirror rule into account.

η+
LVE ðtÞ=3ηð _γ�1Þ ð12Þ

When a sample is subjected to sufficiently high, elongational
stress or strain, it will undergo failure. Depending on the conditions,
multiple failure mechanisms can take place. The pom-pom model
states that themechanism to reduce stress on the backbone is branch-
point withdrawal at sufficiently high strains and strain rates, resulting
in a steady-state viscosity. Herein, the tube of the backbone expands,
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and the arms retract into the backbone tube19,20. At higher rates, the
failure mechanism for linear chains was experimentally shown to be
elastic rupture through chain scission for elastomers21 and recently for
polymer melts by chemoluminescence22. Similarly, a theoretical
approach revealed the existence of amaximum stress of σFracture

E that a
primary C-C bond can withstand before dissociation of the covalent
bond. This was obtained by comparison of the C-C bond energy and
the resulting strain energy on a Kuhn segment23.

To date, rheological data of monodisperse, topologically defined
LCBmodel-systems are rare24–32, which limit progress in understanding
the relation of molecular dynamics and non-linear viscoelastic rheol-
ogy and therefore the comparison with constitutive equations33. The
synthesis of pom-pom shaped model-systems with topological purity,
low dispersity, and the systematic variation of the three topological
parameters, backbone length Mw,b, number q and length of the arms
Mw,a, is a challenge to polymer chemistry. Many efforts have been
made to develop synthetic routes using multifunctional linkers34,35,
converging synthesis using macromonomers and coupling
methods20,35–37. All synthetic approaches yield the desired pom-pom
architecture, but they lack precise control over molecular parameters
of the pom-poms or are limited in one of them. For example,
approaches with multifunctional linkers are typically limited to five
arms per star because commercially available linkers contain up to six
functional groups34. In addition, this approach is prone to crosslinking
during the synthesis of the functionalized backbone due to the use of
bi-anions and the multifunctional linkers. Moreover, convergent
approaches lack precise control over the backbone molecular weight
and are prone to contamination with symmetric and asymmetric stars.
Recently a new facile synthesismethod using a grafting-onto approach
was developed, where all three molecular parameters,Mw,b,Mw,a, and
q, are precisely controllable over a wide range38–43. Using this synthetic
route, well definedpom-pommodel systems canbe synthesized in a 10
– 30 g range within five days44.

In this work, we synthesized and investigate the impact ofMw,b in
oscillatory shear and extensional rheology of several pom-pommodel
systems and the comparison of the experimental data with the pre-
dictions of the pom-pom constitutive model. Their nonlinear rheolo-
gical properties in uniaxial elongation is investigated and compared to
the predictions of the pom-pom model of McLeish and Larson3 and
further simplifications of it by the Considère criteria by McKinley and
Hassager18. The results show that for monodisperse pom-pom model
systems the elongational viscosity as a function of the Wi can be

entirely predicted via the knowledge of the topological parameters
and the linear shear rheology. Experimentally, we find that the Con-
sidère factor is equal to the maximum strain hardening factor
f c = SHFmax. This finding allows the prediction of melt rheological
properties and consequently paves the way towards a model-based
design of branched polymer materials.

Results
Shear and elongational rheology
The SAOS mastercurves of the 24k-series are shown in Fig. 2a) for a
reference temperature of Tref = 140 °C. For the pom-pom with
Mw,b = 100 kgmol−1 only one rubber plateau, corresponding to the
arm-armand arm-backbone interactions, is observed. The backboneof
the pom-pom with Mw,b = 100 kgmol−1 is not self-entangled, meaning
the backbones of the pom-poms are not entangledwith the backbones
of other pom-poms at low angular frequencies, and therefore no
backbone rubber plateau is shown. Distinct rubber plateaus for both
the arms and the backbones can be seen for the samples with
Mw,b = 220 kgmol−1 and Mw,b = 400 kgmol–1. Within these two later
samples, the backbones are self-entangled. The rubber plateau of the
backbone is shifted to lower moduli compared with linear chains due
to dynamic dilution of the backbone with the arms. The separation of
the rubber plateaus of the arms and the backbone is influenced by the
difference in molecular weight und the volume fraction of arms and
backbone. Higher differences in molecular weight between arms and
backbone lead to a better separation between the two rubber plateaus.
Volume fraction and molecular weight of the arms and the backbone
will influence their respective minimum of the phase angle. Similar
observations can be made for the 40k-series as shown in Supplemen-
tary Fig. 1a. In Fig. 2b, the phase angle δ is shown as a function of the
angular frequency. Similarly to the mastercurves, the two self-
entangled backbones of the high Mw,b pom-poms can be identfified.
In these two samples, the phase angle of the low-frequency minimum
goes to δ < 45°, indicating the self-entangled backbones.

The tensile stress growth coefficients of the 24k-series as a func-
tion of time are shown in Fig. 2c at a reference temperature
Tref = 140 °C. Selected strain rates are shown to illustrate the different
uniaxial extensional behavior. At high Hencky strain rates ( _ε > 1 s−1), the
sample fails with elastic rupture45. This can be observed at a Hencky
strain rate of _ε = 3 s−1 for 220k-2 × 12–25k and 400k-2 × 12–23k, visible
by the sharp end of the tensile stress growth coefficient at Hencky
strains smaller than ε<4. At medium Hencky strain rates, the onset of

Fig. 1 | Strain hardening in elongational flow and the Considère criterium.
a Schematic relations between ηE , ηDE , η

+
LVE , f c and SHF . The Considère factor is

equal to the maximum strain hardening factor SHFmax = f c, see discussion.

b Relation of the Considère factor f c and the arm number q of a pom-pom. Values
for q = 11, 22, 30 are given as examples matching q of the synthesized samples.
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the steady state viscosity is visible (_ε =0.56 – 0.056 s−1). At low strain
rates, the extensional viscosity approaches the linear viscoelastic
envelope, and strain hardening substantially decreases. This can be
seen at e.g., _ε = 0.0056 s−1 for the pom-pom 100k-2×12–24k. In addi-
tion, one can observe the high impact of the molecular weight of the
backbone at small strain rates. Similar observation canbemade for the
40k-series as shown in Supplementary Fig. 1.

It hasbeen found inpreviousworks onLDPE that atHencky strains
greater than ε = 4 and high strain rates, the tensile stress growth
coefficient η+

E shows an overshoot before reaching steady state
viscosity46,47. Due to the limitation of the EVF geometry to a maximum
Hencky strain of ε = 4, the stress overshoot of polystyrene pom-poms
remains an open question and needs to be investigated in the future
with adequate equipment. In this work, not all samples at all strain
rates reach a plateau in the stress below ε = 4. For these samples, the
highest measured tensile stress growth coefficient value is considered
the extensional viscosity.

Constitutive modelling
The experimental and via the pom-pom constitutive equation calcu-
lated tensile stress growth coefficients are shownas an example for the
pom-poms 100k-2x11-9k and 400k-2×12–23k at a reference tempera-
ture of Tref = 140 °C in Fig. 3 a) and b), respectively. The tensile stress
growth coefficient of 100k-2x11-9k and all other samples found in
Supplementary Fig. 2 are calculated based on the molecular

parameters determined from synthesis (see Supplementary Table 1)
and PS specific rheological parameters (τe =0.036 s, G0 = 2 105Pa). As
shown in Fig. 3 a) as an example, the pom-pom model does not
describe our experimental data well. Especially, the LVE of the pom-
pom is not-well represented by the pom-pom model. As a result, the
extensional data are shifted and are notmatching well. In contrast, the
strain hardening, so the increase of the tensile stress growth coeffi-
cient above the time dependent LVE, is relatively well predicted. Note
that only volume fractions of ϕb = 0.09 – 0.42 are investigated (also
see Supplementary Table 1). The observed difference between
experimental and calculated could be explained by the dominance of
the arm relaxation behavior due to their high volume fraction resulting
in backbones with no or only a small number of effective
entanglements.

Pom-pom 400k-2×12–23k with the highestϕb is shown in Fig. 3 b)
with an increased G0 = 4 105Pa. With this increased modulus, experi-
mental and simulated extensional data are in good agreement.
Nevertheless, the plateau viscosity is underpredicted by factor of ~10,
revealing different backbone relaxation times. The LVE can be repre-
sented by the pom-pommodel if G0 = 1.8 105Pa, τe =0.05 s and sb = 38
are chosen and therefore the backbone and entanglement relaxation
times are artificially increased. So overall, the pom-pommodel cannot
represent the experimental LVE and elongational data correctly with
the actual topological parameters, so the experimental data can only
be predicted correctly if the molecular parameters are adjusted.

Fig. 2 | Experimental shear and elongational rheological data of PS pom-pom
model systems. aMastercurves of threepom-pomsof the 24k-series.bPhase angle
δ as a function of the angular frequency aTω. c Tensile stress growth coefficient η+

E

shown as a function of time of the 24k-series for selected strain rates. Dashed lines

show the prediction of the Doi-Edwards model to illustrate the strain hardening
factor SHF . d Tensile stress growth coefficient η+

E shown as a function of time for
the pom-pom 400k-2x12-23k for all measured strain rates from 0.000832 to 10 s−1.
All figures are shown at a reference temperature of Tref = 140 °C.
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Contrary, the strain hardening prediction, i.e., the increase of the cal-
culated tensile stress growth coefficient above the calculated LVE is
roughly correct from the actual molecular parameters.

The Considère criterion states that a sample undergoes homo-
genous uniaxial elongation until the strain at which the maximum
stress occurs. The application of theConsidère criterion onto the pom-
pom constitutive equations and the maximum theoretical fracture
stress enables the prediction of the extensional viscosity of a given
pom-pom shaped polymer sample. In Fig. 4, the extensional viscosity
normalized to the zero-shear viscosity and the phase angle
δ = arctan G00=G0� �

of the SAOS mastercurve is shown as a function of
the Weissenberg number Wi= τl _ε and Deborah number De= τlω,
respectively. τl is the longest relaxation time of a sample, determined
by the crossover into the terminal regime. The longest relaxation time
of the samples with not self-entangled backbones, namely 100k-2x12-
24k and 100k-2x12-40k, is obtained by fitting a single mode Maxwell
model to the terminal regime of G′ and taking the crossover frequency
of the Maxwell model as τl . It appears that τl determined in this way is
close to the stretch relaxation time τs, see discussion below. For sup-
port, the mastercurve and the phase angle for similar samples are
shown in Fig. 2 a) and b).

For pom-pomswith self-entangled backbone, we can identify four
regimes of the Wi-dependent elongational viscosity ηE Wið Þ and cor-
relate it with the De-dependant shear relaxation behavior:

Regime I or the terminal/flow regime can be found atWi,De < 1. In
this regime, the backbone as well as the side chains are in their equi-
librium stretch, and the extensional viscosity matches the LVE.
Between ~ 0.3 <Wi < 1, shear and extensional thinning can beobserved,
indicated by the decrease in the normalized viscosity below 1, caused
by orientation of backbone chains due to the flow faster than the
orientation relaxation time τb. However, since the flow is slower than
the stretch relaxation time τs, no strain hardening can be
observed here.

Increasing the strain rate applied to the sample, regime II or the
transition regime can be found between Wi,De = 1 and the first mini-
mum of the phase angle Wiδ,b,min. As Wi,De > 1, the backbone chains
are stretched out of their equilibrium stretch due to _ε>τs

�1. Therefore,
an increase of the extensional viscosity above the LVE can be found,
thus strain hardening is observed. The extensional viscosity increases
with increasing Weissenberg number until the minimum of the phase

angle, where the highest extensional viscosities are measured. Similar
to a ring-shaped sample, the crossover relaxation time of pom-poms
seems roughly similar to the experimentally observed onset of strain
hardening and therefore the stretch relaxation time48. The thinning
observed in regime I indicates a longer orientation relaxation time. In
contrast, Lentzakis et al.9. investigated elongational behavior of combs
and derived a relation for the Rouse time of combs from linear chains
by considering the additional monomeric friction contributed by the
branches, giving

τR,br: = τesb sb +2qsa
� � ð13Þ

where τe is the relaxation time of an entanglement. For the investi-
gated combs by Lentzakis et al., the Rouse time depends solely on the
molecular parameters. To this point we are unaware of any exact
equation for the prediction of the Rouse time of a pom-pom. We
estimate that the Rouse time of a pom-pom should be slightly larger
than the Rouse time of a comb due to its increased inertia at the chain
ends. If Eq. (13) is applied to the pom-pom 280k-2x22-22k at
Tref = 140 °C and τe = 0.036 s49, a Rouse time for branched systems
τR,br: = 44.6 s can be calculated, which corresponds with τl = 1672 s to
Wi τR,br:
� �

= τl=τR,br: = 37.5. AroundWi = 37.5, the pom-pom280k-2x22-
22k shows high strain hardening (regime III). The onset of strain
hardening of the pom-pom 280k-2x22-22k and all other samples is
around Wi ~ 1. Linear chains can relax by retraction of the chain ends,
which determines the Rouse time and the onset of strain hardening. In
well entangled linear systems, the Rouse time is related to the terminal
relaxation time by τl=τR / s, where s is the number of chain
entanglements50. We assume, that the main stress in a pom-pom is
generated on the backbone between the two branch points. Then, the
retraction of an arm could yield no stress relaxation on the backbone
due to the other arms retaining the position of the branchpoint and
therefore the stress on the backbone remains. Stress release of a
(partially) stretched backbone can in this picture only be achieved by
movement of thewhole branchpoint. Thismolecular hypothesis could
explain the experimentally observed onset of strain hardening of the
pom-poms at the inverse of the crossover frequency.

At higherWeissenberg numbers, regime III can be found between
the phase angle minimum of the backbone and the onset of a plateau
stress (see discussion below),Wiδ,b,min<Wi<Wi _ε,f rac. In this regime, we

Fig. 3 | Experimental tensile stress growth coefficient and the pom-pommodel.
Tensile stress growth coefficient η+

E as a function of time for the pom-pom a) 100k-
2×11-9k and b) 400k-2×12-23k at a reference temperature of Tref = 140 °C. Dots
showexperimental data, solid lines showsimulated tensile stress growth coefficient
calculated by the pom-pom model with the respective molecular parameters and

PS specific material parameters for a) and with adjusted G0 = 4 105Pa for b) for the
solid coloured lines and the dashed black line. The dotted black line was obtained
after fitting of the model to the experimental data obtaining G0 = 1.8 105Pa,
τe =0.05 s and sb = 38.
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experimentally find that the extensional viscosity (I) declines with a
scaling exponent of about −0.5 and (II) matches the prediction of the
Considère limit, a factor of ½q2=ln� ffiffiffi

3
p

q
�� above the LVE as stated in Eq.

(11). The assumption for Eq. (11) that tq=τb≪1 is justified at these Wi
numbers. For the pom-pom 280k-2x22-22k, this Considère factor f c is
equal to f c = ½q2=ln

� ffiffiffi
3

p
q
�� = 133 for q = 22.

In regime III the arms of the pom-poms are still relaxed as in
regime I and II, the backbone chains are both oriented and stretched
during the elongation of the sample. Nielsen et al.20. studied elonga-
tional behavior of similar pom-pom shaped polystyrene melts with
q = 2.5 and assume branch-point withdrawal into the backbone tube as
the reason for the transition to steady stress which results in a steady-
state viscosity at high Hencky strains. They investigated elongational
behavior in the regimes I – III. Similarly, wefindanonset of steady-state
viscosity for our samples. Therefore, we propose branch-point with-
drawal as a stress release mechanism in regime II to III in addition to
stretch and orientation. Together with the Considère limit, these
findings suggest that strain hardening (factor) (SHF = ηE ð _εÞ=ηDE ð _εÞ) of
pom-pom systems depends only on the number of arms attached to
the branchpoints and not on the length of the arms or the backbone.
This SHF is given by the Considère limit as a function of the arm
number. It will be investigated in the future atwhich length of the arms
this will fail. The experimentally found scaling law of −0.5 is similar to
previous findings on linear, branched, and ring systems9,20,48,51,52. In an
idealmodel, e.g., the pom-pommodel, a slope of −1 is expected3. In the
Doi-Edwards model, which can predict the rheology of linear chains,
the slope is reduced to −0.853. The slope in the experimental LVE and
extensional viscosity is roughly -0.5. We think that this is a result of the
superimposed relaxation behavior of the arms and the backbone
leading to the decreased slope of -0.5 as well as a combination of
chains reaching their stretch through finite extensibility and friction
reduction.

Regime IV can be found at Wi>Wi _ε,f rac. The elongation of the
sample takes place until elastic rupture of the sample. We find

experimentally a limiting fracture stress of σFracture
E = 2 107Pa (see

Supplementary Fig. 11) and therefore resulting in a scaling exponent of
−1 for the extensional viscosity. Wi _ε,f rac is obtained from the onset of
the stress plateau indicated by the change in power law from0.5 or 1 to
plateau stress in stress vs. strain rate, see Supplementary Fig. 12a–d). A
similar limiting fracture stress was predicted theoretically by Wagner
et al.23. Due to the independence of the sample failure from the strain
rate, we assume that the fracture of the covalent C-C bonds is themain
stress release mechanism for pom-poms in regime IV, similar to linear
chains22. _εf rac is found to be a function of the span molecular weight
Mw,span =Mw,b +2Mw,a at constant q and scales with a power
law of −2.4.

With these findings the extensional viscosity over the complete
Wi range of a given pom-pom sample with known molecular para-
meters can be predicted solely from the LVE. Starting at highWi, the
extensional viscosity is limited by the fracture stress (scaling −1) until
Wi=Wi _ε,f rac. Between Wiδ,b,min<Wi<Wi _ε,f rac, the extensional visc-
osity is limited by the Considère limit and scales with a scaling
exponent of −0.5. For Wi<Wiδ,b,min, the extensional viscosity
decreases to the LVE and matches the LVE for Wi< 1. With this pro-
cedure, the extensional viscosity can be predicted over the whole
Weissenberg number range, with only the LVE and the topological
parameters of the given pom-pom molecule. Furthermore, it might
be possible to invert this result. With the combination of the Con-
sidère factor ðf c = ½q2=lnð

ffiffiffi
3

p
qÞ�Þ and the LVE data, the average arm

number of an analogous pom-pom molecule for low disperse bran-
ched systems can be determined. This could be achieved simply by
adjusting the arm number of a model pom-pom to match the
experimental extensional viscosity via the Considère limit and the
approximations that resulted in Eq. (11).

The four Wi dependent regimes identified with the pom-pom
280k-2x22-22k can also be found in the other pom-pom samples with
arm lengths ofMw,a ≥Me=2. They are shown in Supplementary Fig. 3 to
Supplementary Fig. 9.

Fig. 4 | Extensional viscosity, SHF and the phase angle from shear as a function
of Deborah and Weissenberg number. a) Extensional viscosity ηE normalized by
three times the zero-shear viscosity η0 shown as a function of the Weissenberg
number Wi and the phase angle δ as a function of the Deborah number De of the
pom-pom 280k-2x22-22k. Different yellow symbols represent measurement tem-
peratures: square 220 °C, circle 200 °C, upwards triangle 180 °C, downwards

triangle 160 °C, rhombus 150 °C, and leftwards triangle 130 °C. Black lines are
drawn as a guide for the eyes. b) Experimental strain hardening factor SHF as a
function of Wi and δ as a function of De of the pom-pom 280k-2×22-22k. The
maximum reachable strain hardening factor can be predicted by assuming
SHFmax = f c = 133 for pom-pom topology. Blue line is as a guide to the eye.
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For the sample 280k-2x30-7k, no scaling of −0.5 and no regime III
was experimentally found in the extensional viscosity. The extensional
viscosity matches the Considère prediction only at one point around
Wiδ,b,min, as shown in Supplementary Fig. 10. In agreement, only one
minimum can be found in the phase angle. The vanishing of the third
regime occurs around Mw,a ∼Me=2 as shown by the samples 100k-
2×11-9k and 280k-2x30-7k. Further investigations of very short arms
should be conducted in the future. The samples 100k-2×12-24k and
100k-2x12-40k showno self-entangled backbone as shown in Fig. 2 and
Supplementary Fig. 1. The prediction of the Considère limit over-
estimates the extensional viscosity as shown in Supplementary Fig. 4
and Supplementary Fig. 5, respectively. The pom-pommodel assumes
the backbone to be entangled with other backbones for the con-
stitutive equations to be valid. This is not the case for these two sam-
ples. The dynamics of not self-entangled backbones needs to be
investigated in the future.

The strain hardening factor (SHF) is widely used in industry to
easily quantify and compare the strain hardening of polymer melts of
different architectures and chemistries53. The strain rate-dependent
SHFð _εÞ of a material can be summarized into the rate-independent,
maximum SHF of a material SHFmax. In Fig. 4 b) we show the SHF as a
function ofWi for the pom-pom 280k-2x22-22k. Similar to Fig. 4a), the
four regimes can be identified in the SHF . We experimentally find that
the maximum strain hardening factor and the Considère factor are
identical SHFmax = f c within the experimental error for pom-pomswith
Mw,a ≥Me=2. SHFmax is found in regime III between Wiδ,b,min and
Wi _ε,f rac. Note that the Considère factor f c is normalized against the

LVE f c =
ηE ð _εÞ

η+
LVE ð1=tÞ

’ q2

ln
ffiffi
3

p
qð Þ

	 

. When comparing the plateau viscosity and

the steady state viscosity of the DEmodel, as shown in Supplementary
Fig. 16, one can observe η+

LVE 1=t
� �

= ηDE _εð Þwithin the uncertainty of the
experiment. SHFmax = f c can therefore directly be derived from their
definitions above.

For the pom-pom 280k-2x30-7k, SHFmax ∼0:5f c is found near
Wiδ,b,min. The Considère factor of three pom-poms with arm numbers
of q= 11,22,30 are shown exemplary in Fig. 1b). For comparison,
commercial LDPE typically hasmoderate strain hardeningwith SHFmax

around 1054–58. A pom-pom analogue polymer chain would only need
around five arms per branch point, 10 in total, to reach similar
SHF max , underlining the immense potential of the pom-pom topol-
ogy to tune strain hardening e.g., to improve mechanically recycled
polymer melts. The found relation between SHFmax and f c enables the
development of materials with drastically increased strain hardening
based on the simple insight that more arms cause more strain hard-
ening if the backbone is self-entangled.

Generalised molecular topology – strain hardening relationships
of pom-poms with entangled arms and backbone are shown in Fig. 5.
The fourWi, respectively frequency dependent regimes are defined by
three distinct relaxation times. The onset of the strain hardening
between regime I and II is given by the stretch relaxation time τs and
depends on the backbonemolecularweight Mw,b. The range of regime
III is defined by the separation between the phase angle backbone
minimum δb,min and onset of the plateau stress. The phase angle
minimum is dependent on Mw,b: The strain hardening in regime III is
only a function of the number of arms, as discussed earlier. More arms
result in higher strain hardening. In regime IV, the strain hardening is
limited by chain scission at the fracture stress. This topology-strain
hardening map allows the design of pom-pom molecules with a spe-
cific SHF at a specific _ε and η0.

Besides the pom-pom topology, there are other LCB topologies
like combs or Cayley-trees. Since pom-pom-like constitutive equa-
tions have been proposed for combs6, the question presents itself
whether the Considère limit can be applied to other topologies as
well. Data reported by Abbasi et al. on combs49,59 indicates that the
extensional viscosity can be predicted by the Considère limit for
combs with entangled backbones. Half of the total amount of arms
of the comb is used for q. In the limiting case of very loosely grafted
combs (average three arms or q = 1.5) the Considère limit fails, as
shown in Supplementary Fig. 14 and Supplementary Fig. 15. This
correlation between defined but less branched comb architectures
and the pom-pom constitutive model predictions should be eval-
uated in further work. Furthermore, rheological investigations and
synthesis should be focused on topologies that can surpass the
Considère criterion with SHFmax>½q2=ln

� ffiffiffi
3

p
q
��. The topologies

might need to be more complex than two multi-arm branch points
as in a pom-pom or many single-arm, threefold branch points as in
combs. In addition, we analysed the extensional data from Nielsen
et al.20. of a pom-pom with Mw,b = 14 kmol−1, Mw,a = 27 kgmol−1, and
an average of q ~ 2.5. The Considère factor (f c ~ 4.3) underpredicts
the extensional viscosity similarly to loosely grafted combs. We
hypothesize that the underprediction might be due to the low arm
number and therefore maybe a different relaxation mechanism is
dominant.

As stated in Eq. (3) from the pom-pom model, the extensional
viscosity ηE is predicted to scale quadratically with the backbone
volume fraction. For the 24k-series, we show the extensional viscosity
of different strain rates as a function of the backbone entanglement
number in Fig. 6a) and find a scaling exponent of 2. As predicted by
dilution theory and experimentally observed by Abbasi et al.49. for PS
comb polymers, the dilution modulus G0

N,s is related to the plateau
modulus G0 of linear polystyrene by G0

N,s =G0ϕ
2
b. Similar observations

could be found for pom-poms with ϕ2
b>0:1 by Hirschberg et al.60. In

Fig. 6b), the extensional viscosity normalized to the dilution modulus
is shownas a functionof the backbone volume fraction. Consequently,
Eq. 2 can be rewritten as

ηE =
15
4
G0ϕ

2
bq

2

_ε
=
15
4
G0
N,sq

2

_ε
ð14Þ

We find that the extensional viscosity normalized to the dilution
modulus ηE=G

0
N,s is independent of the backbonemolecular weight for

Fig. 5 | Mapping elongational viscosity as a function of frequency. Generalised
relationships for the strain hardening depending on the molecular topology of
pom-poms with entangled arms and backbone are shown to illustrate the overall
trends, allowing to design pom-pom molecules according to desired properties.
Idealized LVE and extensional viscosities in the light blue line and the orange
squares, respectively.
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the pompoms with Mw,b> 100 kgmol−1 and self-entangled backbone.
Similar findings in extension are obtained for the 40k-series, as shown
in Supplementary Fig. 17.

Discussion
We have synthesized and investigated the rheological behavior of
multiple polystyrene pom-pom model systems with systematically
varying backbone molecular weight Mw,b = 100–400 kgmol−1, arm
molecular weight (Mw,a = 24 or 40kgmol−1), and similar number of
arms (q24k = 12, q40k = 10–13). Their melt rheological response is ana-
lysed in steady-rate uniaxial extension with respect to the equations of
the constitutive pom-pom model and the Considère criterium as a
function of the Weissenberg numberWi= τl _ε, and correlated with the
relaxation behaviour in small amplitude oscillatory shear. We found
that the pom-pom-like behaviour is dominant within the melt for all
pom-poms due to the overlapping extensional viscosities ηE . We
identified fourWi dependent, characteristic regimes in the extensional
behavior of the pom-pommelts. Whereas no strain hardening is found
in regime I for Wi < 1, regime II (1<Wi<Wiδ,b,min) shows the onset of
strainhardening.ηE is increasing up to itsmaximumat the transition to
regime III, the Weissenberg number of the first low frequency phase
angle minimum, corresponding to the backbone, Wiδ,b,min. In regime
III (Wiδ,b,min<Wi<Wi _ε,f rac), it was experimentally found that ηE scales
with a scaling lawof−0.5 as a functionofWi. TheConsidère limit yields
accurate predictions ofηE of the pom-pom sampleswith an increase of

ηE by the Considère factor f c = q2=ln
ffiffiffi
3

p
q

� �h i
above the linear vis-

coelastic envelope at Wiδ,b,min. The Considère factor is found to be
directly related to themaximumstrain hardening factor f c qð Þ= SHFmax

(SHF = ηE _εð Þ=ηDE _εð Þ) consequently the strain hardening is only
depending on the number of arms. In regime IV (Wi>Wi _ε,f rac), the
extensional viscositywas found to scale with −1 as a functionofWi due
to being limited by a maximum fracture stress of σFracture

E = 2 107Pa, as
higher values lead to a breaking of covalent C-C bonds within themain
chain. With these findings, one can predict the extensional viscosities
and therewith the SHFmax via the pom-pom constitutive equations
over the whole Weissenberg range knowing only the molecular topo-
logical parameters and the linear shear relaxation behavior. Further-
more,we showed that theConsidère limit can also be applied to combs
with medium to high grafting densities if half of the total number of
branches is considered as q. For the pom-poms, we find that the

extensional viscosity normalized to the solution modulus ηE=G
0
N,s is

independent for the backbone molecular weight for pom-poms with
self-entangled backbones.

Methods
All samples were investigated in small amplitude oscillatory shear
(SAOS) and steady Hencky strain rate uniaxial elongational flow. Both
types of rheological experiments were conducted on an ARES-G2
rheometer (TA Instruments, Newcastle, USA) using a 13mmplate-plate
geometry and an extensional viscosity fixture (EVF) under nitrogen
atmosphere. Samples were hot-pressed at 180 °C for 15min under
vacuum to avoid degradation. Shear measurements were conducted
between 110 and 260 °C and an angular frequency range of
ω = 0.05–100 rad s−1. Elongational measurements were conducted
between 130 °C and 220 °C and in a Hencky strain rate range of
_ε =0.03–10 s−1. The measurement of the tensile stress growth coeffi-
cient on the EVF geometry is limited to a Hencky strain of ε≤4. Gen-
erally, for q≥ 22, at high rates the sample fails at ε<4, at medium and
low strain rates the sample does not fail until ε>4. However, the stress
plateau and therefore the viscosity plateau is typically reached for ε<4.
For q≤ 13, samples fail ε<4 at all strain rates. The linear viscoelastic
envelope (LVE) is obtained through the measurement of the complex
viscosity in SAOS, the Cox-Merz relation and the Trouton ratio
(Eq. 12)61–63.

A list of symbols is included in the supplementary information.

Data availability
The data that support the findings of this study are available from the
corresponding author upon request.
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